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Abstract In the following text, the main aim is to distinguish some relations between Smarad- 
che semigroups and (topological) transformation semigroups areas. We will see that a transfor- 
mation group is not distal if and only if its enveloping semigroup is a Smarandache semigroup. 
Moreover we will find a classifying of minimal right ideals of the enveloping semigroup of a 


transformation semigroup. 


Keywords A-—minimal set, distal, Smarandache semigroup, transformation semigroup. 


§1. Preliminaries 


By a transformation semigroup (group) (X,5,7) (or simply (X,S)) we mean a compact 
Hausdorff topological space X, a discrete topological semigroup (group) S with identity e and 
a continuous map 7: X x S > X (2(x,s) = xs (Vx € X,Vs € S)) such that: 

1) Va EX, re=2, 

2) Va eX, Vs,t ES, x(st) = (xs)t. 

In the transformation semigroup (X,S) we have the following definitions: 

1. For each s € S, define the continuous map 7* : X — X by am* = as (Va € X), 
then E(X,S)(or simply E(X)) is the closure of {7°| s € S$} in X* with pointwise convergence, 
moreover it is called the enveloping semigroup (or Ellis semigroup) of (X,S'). We used to write 
s instead of 7° (s € S). E(X,S) has a semigroup structure [1, Chapter 3], a nonempty subset K’ 
of E(X,S) is called a right ideal if KE(X,S)C K, and it is called a minimal right ideal if none of 
the right ideals of E(X,S) be a proper subset of K. For each p€E(X), L, : E(X)— E(X) with 
L,(q) = pq (¢ € E(X)) is continuous. 

2. Let a € X, A be a nonempty subset of X and K be a closed right ideal of E(X,S)[2, 
Definition 1]: 

1) We say K is an a—minimal set if: ak = aE(X,S'), K does not have any proper subset 
like ZL, such that LD is a closed right ideal of E(X,S) and aL = aE(X,S). The set of all 
a—minimal sets is denoted by M;x,s)(a). 
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2) We say K is an A— minimal set if: ¥b €¢ A bK = bE(X,S), K does not have any proper 
subset like L, such that L is a closed right ideal of E(X,S) and b£ = bE(X,S) for all b € A. 
The set of all A — minimal sets is denoted by M,x,s)(A). 

3) We say K is an A—minimal set if: AK = AE(X,S), K does not have any proper subset 
like LZ, such that L is a closed right ideal of E(X,S) and AL = AE(X, 5S). 

The set of all A — minimal sets is denoted by Mux,s) (A). Mix,s)(A) and M:x,s)(a) are 
nonempty. 

3. Let a€ X, A be a nonempty subset of X [2, Definition 13]: 

1) (X,S) is called distal if E(X,S) is a minimal right ideal. 


) 
2) (X,S) is called a—distal if Mcx,s)(a) = {E(X, S)}. 
3) (X, 8) is called AM distal if Mpx,s)(A) = {E(X, $)}. 
4) (X,S) is called A™ distal if Myx,s)(A) = {E(X, $)}. 


4, Let a € X, A be a nonempty subset of X and C be a nonempty subset of E(X, S), we 
introduce the following notations F(a, C) = {p € Clap = p}, F(A,C) = {p € C|Vb € A bp = p}, 
F(A,C) = {p € C| Ap = A}, J(C) = {p € C| p? = p} (the set of all idempotents of C), 
M(X,S) = {0 4 BC X|VK € Mix,5)(B) J(F(B,K)) # 0}, and M(X,5) = {0 A BC 
X|Mx,s)(B) AOA (VK € Mcx,s)(B) J(F(B, K)) 4 0)}. 

In the following text in the transformation semigroup (X,S) suppose S' acts effective on 
X, i.e., for each s, t € Sif s ~t, then there exists x € X such that as ~ xt. Moreover consider 
S is a Smarandache semigroup if S has a semigroup structure which does not provides a group 
structure on S$, although S' has at least a proper subset with more than one element, which 
carries a group structure induced by the action considered on S [3, Chapter 4]. 


§2. Proof of the theorems 


Theorem 1. Transformation group (X,G) (with |G| > 1) is not distal if and only if 
E(X,G) is a Smarandache semigroup. 

Proof. If E(X,G) is a Smarandache semigroup if and only if it is not a group (since 
G CE(X,G)), and by [1, Proposition 5.3], equivalently (X,G) is not distal. 

Theorem 2. In the transformation semigroup (X,5S), if a € AC X, and S is a Smaran- 
dache semigroup, then we have: 

1. E(X, S) is a Smarandache semigroup if and only if (X,S) is not distal; 

2. If F(a, E(X)) is a Smarandache semigroup, then (X,S) is not a—distal; 

3. If A € M(X) and F(A, E(X)) is a Smarandache semigroup, then (X, $) is not AMaistal; 

4.1f Ae M(X) and F(A, E(X)) is a Smarandache semigroup, then (X, S$) is not AMdistal. 

Proof. 

1. If (X,S) is not distal, then E(X) is not a group (see [1, Proposition 5.3]), S is a 
Smarandache semigroup thus there exists a group A C S C E(X,S), such that |A] > 1. 

2, 3, 4. Use [2, Theorem 18] and a similar method described for (1). 

Lemma 3. In the transformation semigroup (X,S) if J a minimal right ideal of E(X) 
(resp. 3S), then at least one of the following statements occurs: 

1) I is a Smarandache semigroup; 
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2) I is a group (or equivalently |J(Z)| = 1); 

3) [=J(J). 

Proof. In the transformation semigroup (X, $) if J is a minimal right ideal of E(X) (resp. 
BS), then {Iv : v € J(L)} is a partition of I to some of its isomorphic subgroups, and for each 
v € J(I), Iv is a group with identity v (see [1, Proposition 3.5]). 

Theorem 4. In the transformation semigroup (X,S), at least one of the following state- 
ments occurs: 

1) For each J minimal right ideal of E(X), I is a Smarandache semigroup; 

2) For each J minimal right ideal of E(X), I is a group (or equivalently |J(Z)| = 1); 

3) For each J minimal right ideal of EX), I = J(J). 

Proof. We distinguish the following steps: 

Step 1. If J and J are minimal right ideals of E(X,S') and v € J(J), then L,|;: I —- J 
is bijective, since where exists u € J(J) with wv = u and vu = v ([(l, Proposition 3.6], thus 
Ly|J 0 Lylr = idy. 

Step 2. If J and J are minimal right ideals of E(X, S') and J is a Smarandache semigroup, 
then there exists H C I such that H is a group with more than one element, suppose u be the 
identity element of H, then Iu is a subgroup of I with identity u and Iu 4 u, choose v € J(J) 
such that wv = u and vu = v, vlu(= L,(Lu)) is a subgroup of J with identity v, moreover 
|ulu| = |u| > |H| > 1 and since L,|; : I > J is bijective and Iu 4 J, thus vIu # J, therefore 
J is a Smarandache semigroup. 

Step 3. If there exists minimal right ideal J of E(X) such that J is a group, it means 
|J(I)| = 1, since for each minimal right ideal J of E(X), we have |J(J)| = |J(J)|, thus J has a 
unique idemppotent element say v. {Jv} = {Jw: w € J(J)} is a partition of J to some of its 
isomorphic subgroups, thus Jv = J is a group. 

Step 4. If none of minimal right ideals of E(X) satisfies items 1 and 2 in Lemma 3, then 
by Lemma 3, all of them will satisfy item 3 in Lemma 3. 

Using Lemma 3, will complete the proof. 

Example 5. Let X = {+ : n € N}U {0} U {-1,—2} with the induced topology of R; 
S = {yy :i,7 € NU {0}} with discrete topology, where yw: X — X and »: X — X such 
that: 

—1 L=-—2 
ry=\ —2 c=-l ,tp= 
i Seri) 


pail 
n+1 


e #8et01,— 3h 


1 
r=-,neEN 


and w° = ~° = idx, then S$ is a Smarandache semigroup(under the composition of maps) since 
A= {w, idx} is a subgroup of S, moreover in the transformation group (X,5'), E(X) = S. 

Example 6. If X = [0,1] with induced topology of R, and G := {f : [0,1] — [0,1] is 
a homeomorphism} with discrete topology, then E(X,G) is a Smarandache semigroup since it 
contains G and it is not a group, note that if: 


xp := 


= © 

NIF © 
IA 
8 

Re NF 
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Abstract For any positive integer n, the famous F.Smarandache LCM function SL(n) is 
defined as the smallest positive integer k such that n | [1, 2, ---, k], where [1, 2, ---, k] 
denotes the least common multiple of 1, 2, ---, &. The main purpose of this paper is using 
the elementary methods to study the value distribution properties of the function SZ(n), and 


give an interesting asymptotic formula for it. 


Keywords F.Smarandache LCM function, value distribution, asymptotic formula. 


81. Introduction 


For any positive integer n, the famous F.Smarandache LCM function SL(n) defined as the 
smallest positive integer k such that n | [1, 2, ---, k], where [1, 2, --- , k] denotes the least 
common multiple of 1, 2, ---, k. For example, the first few values of SL(n) are SL(1) = 1, 
SL(2) = 2, SL(3) = 3, SL(4) = 4, SL(5) = 5, SL(6) = 3, SL(7) =7, SL(8) = 8, SL(9) =9, 
SL(10) = 5, SL(11) = 11, SL(12) = 4, SL(13) = 18, SL(14) = 7, SL(15) = 5, SL(16) = 16, 
SL(17) = 17, SL(18) = 9, SL(20) = 5, ------ . About the elementary properties of SL(n), 
some authors had studied it, and obtained many interesting results, see reference [2], [3], [4] 
and [5]. For example, Murthy [2] showed that if n be a prime, then SL(n) = S(n), where 
S(n) denotes the Smarandache function, i.e., S(n) = min{m: n|m!, m © N}. Simultaneously, 
Murthy [2] also proposed the following problem: 


SL(n) = S(n), S(n) An? (1) 


Le Maochua [3] completely solved this problem, and proved the following conclusion: 


Every positive integer n satisfying (1) can be expressed as 
n=12 or n=pi{'ps?--- perp, 


where pj, p2, °*:, Pr, p are distinct primes, and aj, a2, ---, a, are positive integers satisfying 
p>pet,t=1,2,---,7r. 

Lv Zhongtian [4] studied the mean value properties of SZ(n), and proved that for any fixed 
positive integer k and any real number zx > 1, we have the asymptotic formula 





1This work partly supported by the N.S.F.C.(10671155). 
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mg? BG a? x 
SL = : uae Ol == 
a (n) 12 In x 1 x Ini r + (en -| ? 


where c; (¢ = 2, 3,--- ,&) are computable constants. 
Ge Jian [5] studied the value distribution of [SL(n) — S(n)]’, and proved that 


2 2 3 3 is Ci x2 
¥ [st(n) ~ SP =F -¢(5) 28 -0( a). 


nee In 





i=l 


where ¢(s) is the Riemann zeta-function, c; (= 1, 2,--- , &) are constants. The main purpose 
of this paper is using the elementary methods to study the value distribution properties of 
SL(n), and prove an interesting asymptotic formula. That is, we shall prove the following 
conclusion: 


Theorem. For any real number x > 1, we have the asymptotic formula 


Se pre +O) 
neN 
SL(n)<a 
where N denotes the set of all positive integers. 
From this Theorem we may immediately deduce the following: 
Corollary. For any real number x > 1, let (x) denotes the number of all primes p < z, 


then we have the limit formula 


nEN 
SL(n)<ax 


§2. Proof of the theorem 


In this section, we shall prove our theorem directly. Let x be any real number with x > 2, 
then for any prime p < 2, there exists one and only one positive integer a(p) such that 


pr?) <a < prt, 


From the properties of SL(n) and [2] we know that ifn = p}'p$? --- p?* be the factorization 


of n into primes powers, then 
SL(n) = max{pt', pS?, «+: , perf. (2) 


Let m= II p*”). Then for any integer d|m, we have SL(d) < x. For any positive integers 
pSu 
u and v with (u,v) = 1, if SL(u) < x, SL(v) < a, then SL(uv) < x. On the other hand, for any 


SL(n) < x, from the definition of SZ(n) we also have n|m. So from these and the properties 
of the Dirichlet divisor function d(n) we have 
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S "In (1 + a(p)) 
S) 1 = So1=[[Gt+a(p)) =e3" (3) 


From the definition of a(p) we have a(p) < ne < a(p) +1 or 


ay) = |PI. (4) 


Inp 


Therefore, from (4) we may immediately get 


Zeal) = Sm (0+ [ee] 
- Sm(eltal)> Sl). & 


Now we estimate each term in (5). It is clear that 


Ing tlning 
S- n(1+|FEl) « S> ning « a (6) 











ps8 p< oe 
x Ing 2InIna . 
If —— <p<za, then 1< <14 . So from the famous Prime Theorem 
ln* x Inp Ing —2lnlnz 
x x 
= — O —— 
=) Ine . (=) 
and 
In(l+y)~y, as y—0O, 

we have 





1 ink 
3 mn (2+ |P/) S> m2t+o{ >» — 





ing SPS ng SPS? inde SPSE 
x clning 
= In2- +O 5 , (7) 
nz In* x 


Combining (3), (5), (6) and (7) we may immediately obtain 


S> 1= gme[1+O(e*)] 
neN 
SL(n)<a 
where N denotes the set of all positive integers. This completes the proof of Theorem. 
The corollary follows from 
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| 3 i = 20(8#) —2 40 (SR) 
Ina 
neN 


as T —> &w. 
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Abstract In this paper, we give an extension of Davenport’s theorem. 


Keywords Davenport’s theorem, Wronskian. 


81. Introduction 


In 1965, Davenport discovered a relation among polynomials as follows. 


Theorem 1.1. Let f, g be polynomials over C[x] such that f? — g? 4 0, then we have 


1 
5 lesa < deg(f? — g®) — 1. 


There were some results which have a connection with this theorem. For example, in [2, 
Theorem 1.5], Hu-Yang derived an inequality for k functions fi tee i but they consid- 
ered the case the functions fh tee, fe have no common zeros. In this paper we generalize 
Davenport’s theorem as the following. 

Theorem 1.2. Let F an algebraically closed field of characteristic 0. Given polynomials 


fi, --:, fr(k > 2) with coefficients in F and positive integers 1; (1 < j < k) such that 
k 

Lf BS ao Sand SoG < kl, + k(k — 1). Suppose that, f, gat fix are linearly 
j=l 


independent over F’, then we have 


k k 
la L 4)  k(k-1) 
= o\ 1 eee 
; a4 foes cee (F ) <deg | 7 fj 5 (1) 


j=l 











For the case k = 2, 2, le 3, fi = f, fe = —g, from Theorem 1.2 we obtain 


Davenport’s Theorem. 


§2. Proof of the main theorem 


Let f is a rational function, we write f in the form: 


fi 


fa 
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where f;, f2 are polynomial functions are non-zero and relatively prime on F[z]. The degree 
of f, denoted by deg f, is define to be deg f; — deg fo. 
Let a € F, we write f in the form: 


f=(e-a)%, 
92 

and gi(a)ge(a) # 0, then / is called the order of f at a and is denoted by 4. We have the 
following easily proved properties of 1%. 

Lemma 2.1. Let f, g be two polynomials and a € F’, we have 

a) Mpg 2 min(uF, Wg), 

b) uF = ue + HG, 

C) MS = ME — My. 

Lemma 2.2. Let y be a the rational function on F and let the derivatives order k of y 
satisfy the following yp“) # 0. Then 


ue) 2 —min(ug,k) + uo. 





Proof. Let v(x) = (x —a)m £2) where f(x), g(x) are relatively prime and f(a)g(a) 4 0. 
Then, we have 





He m1 Mf (x) g(x) + (x — a)(f' (2) g(x) — Fle)g (@)) 
yp (x) = (x—a) 3 
g?(x) 
By ug = 0, we have 
be >m—1 
Therefore 
wer 2 1+ Hg. 


From this, we obtain 
Mou 2 —k+ we, 


and we have 


uo) 2 —min(ug,k) + yg. 


Let f is a polynomial in F[z] and f = (x—a,)" ---(2—ax)'*, where a1, «++ , ax are distinct 
zeros of f and l,, --- , J, are integers, for n € N, we set g = (x—a,)™i™™ 4)... (g—a,) mint), 
we denote r,(f) = deg g. 

Lemma 2.3. Let fo, --- , fn41 be (n+ 2) be polynomials in F'[2] have no common zeros 
and go, -**, Jn+1 be polynomials such that fogo, -::, fngn be linearly independent over F’, 
and 

fogo ++++ + fn9n = fn4ign4i- 
Then 


n+1 n+1 n(n + 1) 
oinax, dest figs) $ » ta(fj) + deg(g;) - —>—- 
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Proof. Since fogo, --:, fngn are linearly independent, then the Wronskian W of fogo, 
+++, fngn is not vanish. We set 
P- W(fogo; eee FnGn) 
fogo--+fngn 





g= fo9o +++ fn419n+1 
W(fogo, --: 5 fngn) 
Hence we have 


fntignti = PQ. 





Thus, 
forced nit 
deg fn4ign+1 = deg : Lan +S degg;+degQ. (2) 
7 : W(fogo, ee fudn) » ‘ 
We first prove 
n+1 
fe see 





WP egerery Sa nd rf. 


Suppose that, a is a zero of fo fi--- fr4i, by the hypothesis, there exists v,O<yv<n+l1, 
such that f, 40. By the hypothesis, fogo +---+ fngn = fntign+1, we have 





a = a 
Le for fn41 = for fo-ifv4ifn41 
W (fogo-*: fngn) W (fog00 sfu—19v—1:Fv419v419°' fn419n41) 
n+1 





a _ a 
= So 4%, EW (fogos fv—19v—1:fv419v449 fn4ign41)? 
j=0 


W(fogo, -°: fv-1gv—1, fo4igv4is:+* > fntign+i) is the sum of following terms 
Of opal aden). te (eda. 
Where a; € {0, ---, n4+1}\{v},d =+41. By using Lemma 2.2, we have 





a 
HF.) 9a9 (fay 9a, )"*(fan Gan) 





> YS Fon, — mintn, uF, ,}) 
fj(a)=0 
= YS (Hh, Fas, mina, + 48,3) 
fj (a)=0 
> a ilss, (33 _ 5 a = L4 a ) 
= oa Me Hg., ~min{n, ne, }—min{n, wy, } 
j(a)= 
n+1 


2 S- i S- min{n, LF, }- 
j=0 


0<j<n+, fj (a)=0 
By Lemma 2.1, we have 


n+1 


a a Ls a 
PW (fogo." sfv—19v—-15F0419v419°" fn419n+41) 2 SS MF; ~ S- min{n, [1§, } 
j=0 O0<j<n+1,fj(a)=0 
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Hence, 


a » 7 a 
ML fo: fn41 = min{n, WF, }. 
W(fog0;°-::fngn) 0<j<n+41,f;(a)=0 


By the definition of degree of a rational function, we have, 





f F n+l 
de aaa Le tn(fi)- 3 
EW foda,* Juda) <> ( ) ( ) 
Next, we will prove that 
n(n + 1) 


P<- 
deg P< 5 


Here, we have a summa of following terms 


5 (fan 9a.)" -(f8nGBn)™ 
Sp, GB, * vice IBn 




















We have 
oe (n) ; (n) 
ace Ge (F8n9Bn) ) =. Ake fed) \ deg ( a ) 
£1961 °** f8nIBn fa, 96, fn 98m 
1 
_ eo eee n(n + ) 
2 
Therefore, 
n(n +1) 
deg P< =o gk (4) 
From (2), (4), (5), we have 
n+1 n+1 
n(n + 1 
dew fuss < Yo ral fy) + deg(g;) — Mt), 
j=0 j=0 
Similar arguments apply to the polynomial fo, fi, --- , fn, we have 
n+1 n+1 
n+1 
ase, deal figs) So ral Fi) + Yo deg(g) - MEY 
j= = 
Proof of the theorem 1.2. 
We set fo = fe sof Ny andh = (fi, --- , fx) thus there exists polynomials go, gi, --- , Gk 
such that fo = goh", fi=agih,::-, fe = gph and 
go = gf + gPhPH +... + gitne—h, 
We set for simplicity max deg fis = fis. Lemma 2.3 implies 
1<jsk : 
k k 
- k(k—1) 
deg gle h's a 1(go) + Urea 1 (9) ‘)+ Doky = hh deg h — —>— 
g=1 g=1 
k k 
k(k —1) 
< deg go + (k— 1) D7 dee 9; + duh — kl; } degh - ——. 


Vol. 3 An extension of Davenport’s theorem 13 














Hence, 
k 
deg gieh'e < deg goh' + (k —1) S° deg gjh + deg ht — deg h" — k(k — 1) degh 
j=l 
k(k — 1) 
+ es — ky } deg h - ——— 
j=l 
k(k — 1) 
< deg fo+(k— 1) D deg fj + es — kly — k( 1) | deg h — —=— 
g=1 j=1 
a ee) 1 z k(k — 1) 
= deg fo+ >) 7 deg f,’ + Soy — k(k 1) — ky | degh — —— 
j=1. 4 j=l 
Thus, 
ad ws k(k — 1) 
1-)7 i deg fie < deg fo + es — kly — k(k —1) | deg h —- ——. 
j=l gal 
k 
By the hypothesis, we have S- Ll, — kl, — k(k— 1) < 0. From this, it follows that 
j=l 





Theorem 1.2 is proved. 


References 


1} Daventport, H., On f3(t) — g?(t), Norske Vid. Selsk. Forh. (Trondheim), 38(1965), 
86-87. 
2] P.C. Hu and C.C. Yang, Notes on a generalized abc-conjecture over function fields, Ann. 
Math. Blaise Pascal, 8(2001), No. 1, 61-71. 

3] Leonid N. Vaserstein and Ethel R. Wheland, Vanishing polynomial sums, Communica- 
tions in Algebra, 31(2003), No. 2, 751-772. 

Mason, R. C., Equations over function fields, Lecture Notes in Math., Springer, 1068 
(1984), 149-157. 








ms 


Scientia Magna 
Vol. 3 (2007), No. 3, 14-17 
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sums and the general Kloosterman sums! 
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Abstract The main purpose of this paper is using the estimate for character sums and the 
analytic method to study the hybrid power mean of the character sums and Kloosterman 


sums, and give an interesting mean value formula for it. 


Keywords Character sums, Kloosterman sums, hybrid power mean formula. 


§1. Introduction 


Let g > 2 be an integer, y denotes a Dirichlet character modulo q. For any integers m and 
n, we define the general Kloosterman sums S(m,n, x; ¢q) as follows: 


/ 


S(m,n, x39) = >> x(aje ( 


meen) 
q ? 


where S~ denotes the summation over all a such that (a,q) = 1, a@ = 1 mod q, x denotes a 
Dirichlet character mod q and e(y) = e?7”. 

This summation is very important, because it is a generalization of the classical Klooster- 
man sums $(m,n, Xo; q) = S(m,n;q), where yQ is the principal character mod qg. The various 
properties of S(m,n;q) were investigated by many authors. Perhaps the most famous property 
of S(m,n;q) is the estimate (see [1] and [2]): 

|S(m,n;4)| < d(q)q? (m,n, 4), (1) 
where d(q) is the divisor function, (m,n,q) denotes the greatest common divisor of m,n and 
q. If q be a prime p, then S.Chowla [3]and A.V.Malyshev [4] also proved a similar result 
for S(m,n,x;p). On the other hand, H.D.Kloosterman [6] studied the fourth power mean of 
S(a,1;p), and proved the identity 

p-1 


>> S*(a,1;p) = 2p? — 3p? — p—1. 


a=1 
This identity can also be found in H.Iwaniec [7]. H.Salié [8] and H.Davenport (independently) 


obtained the estimate ; 
pe 


S- S®(a,1;p) « p*. 


a=1 


1This work is supported by the N.S.F. (10671155) of P.R.China. 
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The main purpose of this paper is using the estimate for character sums and the analytic 
method to study the asymptotic properties of the hybrid power mean of the character sums 
and the Kloosterman sums: 


S- |S) x(n) 


x mod q|n<N 


2k 2h 


> vio (me) (2) 


and give an interesting mean value formula for it. About the estimate for character sums, the 








classical result due to Pélya and Vinogradov (See Theorem 8.21 of [9]) is that the estimates 


N+H 


> x(n) <q? logg 
n=N+1 


hold for all non-principal character y modulo g. H.L.Montgomery and R.C. Vaughan [10] proved 
that for any positive integer k, 


2k 


k 
> - So x(n} «oq: a. 
x mod q n<y 


XFXo 

But for the asymptotic properties of (2), it seems that none had studied it yet, at least we 
have not seen such a paper before. However, the problem is very interesting and important, 
because it can help us to obtain some important information about the upper bound estimate 
for character sums and the general Kloosterman sums. 

In this paper, we shall study the asymptotic properties of (2), and use the analytic method 
to prove the following two conclusions: 

Theorem. Let gq > 2 be an integer, N be a fixed real number with 1 < N < ,/q. Then 
for any integers m and n with (mn, q) = 1, we have the asymptotic formula 

2 
S235 x} Sn xa? =): N+0 (a? -N?. @(q)) 
x mod q|n<N 

where ¢(q) is the Euler function, d(q) denotes the Dirichlet divisor function. 

Taking g = p bea prime, then from our Theorem we may immediately deduce the following: 

Corollary. Let p> 2 bea prime, m and n are two integers with (mn,p) = 1. Then for 


€ 


any real number N with p° << N < p2- , we have the asymptotic formula 


2 
2 
S> |S) x(n} -1S(m,n, x3)? ~ N-p?, p> +00, 
x mod p|n<N 
where e€ be any fixed positive number. 


Using our method we can also give a similar asymptotic formula for the hybrid power mean 


of 
An . 
ma+ na 
-|>0 x(a)e ( —— 
= q 
but in this case, the constant is very complicate. So we have not give the conclusion in this 


paper. 


ya) 


x mod q|n<N 


; 
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§2. Proof of the theorem 


In this section, we shall complete the proof of the theorem directly. In fact from the 
properties of character sums we have 


| S(m,n, x3 q) [2 7 SS wale (a b) + n(a— ») 











a=1 b=1 g 
2 4 mb(a — 1) + nb(@ — 1) 
- (a) e€ 
eS ar an 
_ o(a) +3" x(a) Soe (MMe Dene DY, (3) 
a=2 b=1 


2 


x mod q\|n<N 


= YF LY ww 


x mod qu<N v<N 


= 62)° D> do dE x(ua) 


x mod qu<Nv<N 


= = ag 4 = mb(a —1 nb(a — 1 
SE dam 


u<N v<N a=2 b=1 x modq q 


= #(q)-N4(q ie ee (meee). (4) 


Uu<N v<N b=1 q 
ux~v 








+Yx0 ae (mie 1) + nb(a— »)| 


b=1 q 











Applying the estimate (1) in (4) we have 


x mod q|n<N 


I 


$(q):N+0 | 6(q) > S~ Va (uv - 1,4)? da) 
Uu<N v<N 
ux~v 


! ! 
P@:-N+O0]q?-dq@-S. > yO a 
ux<Nv<N_ diq 
uxv d|m—n 


= ¢(q):-N+0O (a  N?2?(q)) 


This completes the proof of the theorem. 
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Abstract For any positive integer n, let S,(n) denotes the Smarandache primitive function. 


The main purpose of this paper is using the elementary methods to study the number of the 


solutions of the equation S,(17) + S,(27) +---+Sp(n”) = Sp (“ z Den 2) ); and give 





all positive integer solutions for this equation. 


Keywords Square sum, Smarandache primitive function, equation, solutions. 


§1. Introduction and Results 


Let p be a prime, n be any positive integer. The Smarandache primitive function 5,(n) is 
defined as the smallest positive integer such that S,(n)! is divisible by p”. For example, S2(1) = 
2, S2(2) = $9(3) = 4, $2(4) = 6,---. In problem 49 of book [1], Professor F.Smarandache asked 
us to study the properties of the sequence {S,(n)}. About this problem, Professor Zhang and 
Liu [2] have studied it, and obtained an interesting asymptotic formula. That is, for any fixed 


prime p and any positive integer n, we have 


Li Jie [3] studied the solvability of the equation S,(1)+5,(2)+---+5)(n) = Sp (2), and 
gave all its positive integer solutions. But it seems that no one knows the relationship between 
the square sum of natural numbers and the Smarandache primitive function. In this paper, we 
use the elementary methods to study the solvability of the equation 





Sp(12) + Sp(22) +++ + Sp(n2) = 8, (“ — ») . 


and give all positive integer solutions for it.That is, we will prove the following: 
Theorem. Let p be a prime, n be any positive integer. Then the equation 





S17) a 57) dhiteres te S,(n2) _ Sp ee ens >) 4a) 
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has finite solutions. 
(i) If p = 2,3 or 5, then the positive integer solutions of the equation (1) are n = 1,2; 


(it) If p = 7, then the positive integer solutions of the equation (1) are n = 1,2,3,4,5; 


(iit) If p > 11, then the positive integer solutions of the equation (1) aren =1, 2, --- , Np, 
where ny, > 1 is a positive integer, and 


3/3 9p? 1 3 9p? 1 1 
Np = [2 4/ i 1798 + ‘Es 4/ it i798 3? [x] denotes the biggest inte- 


ger <2. 














§2. Several lemmas 


To complete the proof of the theorem, we need the following several simple lemmas. 
Lemma 1. Let p be a prime, n be any positive integer, S,(n)denote the Smarandache 
primitive function, then we have 


=pk, if k<p, 
Sp(k) 
<pk, if k>p. 


Proof. (See reference [4]). 
Lemma 2. Let p be a prime, n be any positive integer, if n and p satisfying p® || n!, then 


o= 3 [5]: 


Proof. (See reference [5]). 
Lemma 3. Let p be a prime, n be any positive integer. If n > [,/p], then there must 
exist a positive integer mz with 1 < mz < k?(k = 1,2,--- ,n) such that 


Sar) = ™1?P, BA) = M2p,°°° poe) = MnP, 


<> |. 


Proof. From the definition of S,(n), Lemma 1 and Lemma 2, we can easily get the 


and 





MEP 
pi 


conclusions of Lemma 3. 


§3. Proof of the theorem 


In this section, we will complete the proof of Theorem. We discuss the solutions of the 


equation at?) + S(2*) oh Sa S_(n?) =S, (a + nen +1) 


1)(Q2n+1 
(I) If p = 2, then the equation (1) is $2(17)+S$2(27)+-»-+S2(n?) = So (= x ee ’). 





) in the following cases: 
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1 1+1 241 
(a) Ifn = 1, $2(17) = 2 = s,( ae Dx = ’), so n = 1 is a solution of the 
equation (1). 


(b) If n =2, Sa( 1?) + S2(2") =243x2=8= 5, (7AEFURENITD) coy ey 





is a solution of the equation (1). 
(c) Ifm =3, S2(17) + So(27) + S2(27) =24+3 x 2+6 x 2= 20, but 
3x (841) x (2x 341) 
6 

(d) If n > 3, then from Lemma 3 we know that there must exist a positive integer m, with 
1 < mx < k?(k =1,2,--- ,n) such that 





So = $(14) = 16, so n = 3 is not a solution of the equation (1). 





S2(17) = 2m1, S2(27) = 2M, sey So(n?) = 2Mn- 


So we have $2(17) + $(2?) +++» + $9(n”) = 2(my + m2 +-+++ mn). 


On the other hand, notice that m; = 1, m2 = 3, m3 = 6, then from Lemma 3, we have 


ed 















































i=l 
_ ae [tue 
i=1 2' 
= 2 te+-+ Mn —1)+1 
=> My, ms, Mn 1 >| Ons = ai = ) | 
i=2 
| tMmg+-+:-+mMn 7 
= mtmge Mn —1 5 
i=l 








IV 
~~ 

3 
dl: 

SE 
ae 
+ a 
S 
3 

bo 

a 
Ne 
— 

S 
iMe 
a 





























w=1 w=1 
+ (met Ep) ++ (mt FS) 
> 1742? 450 ae deat ziti 
- i=1 2! i=1 2" 
> 1249243244 4...4 7? 
— n(n+1)(2n+1) 
= ; : 
then from Lemma 2, we can get 
gee | (2(m1 + me t-++ +m) — 1)! 
Therefore, 
1)(2 1 
s,("2* nA n+ ’) < 2m, + me++--+m,)—1 
< 2(my + me2+---+myz) 











= $o(1*) + $2(2”) +---+ Se(n?). 
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So there is no solutions for the equation (1) in this case. 
Hence, if p = 2, the equation (1) has only two solutions, they are n = 1, 2. 


If p = 3 or 5 using the same method we can easily get if and only if nm = 1, 2 are all 
solutions of the equation (1). 


(II) If p=7, then the equation (1) is 





Sq(12) + Sp(22) + «+» + S7(n2) = Sy (a + pee 4 ) | 


1x (141) x (241) 
6 





(a) iw = 1,80) = 7 = s,( 
equation (1). 


), so n = 1 is a solution of the 





2x (241) x (2x241 
(0) Hem =2, So(12) + Sp) = 744 x 7 = 35 = Sr ( se Vx ea ’), 50 n=2 


is a solution of the equation (1). 





(c) If n = 3, Sp(12) + S7(22) + $7(32) = 354+8x7=91 = Sy (= Cli eas st), 


6 
so n = 3 is a solution of the equation (1). 


(d) Ifn=4, S7(17) + S7(2?) + 97(3?) + S7(47) =914+14x 7=189= 
g (Ree 
7 





6 


(e) If n = 5, S7(1?) + S7(2?) + S7(3?) + S7(42) + $7(52) = 189+ 22x 7 = 343 = 
g (> (54+1)x(2x5+1) 
ie 


), so n = 4 is a solution of the equation (1). 





6 
(f) If n = 6, S7(17) + S7(2?) + $7(37) + $7(47) + S7(5*) + S7(67) = 3434+ 32 x 7 = 567, but 
6x (641) x (2x641 

ao (ine a ’) = $7(91) = 79 x 7 = 553 < 567, so n = 6 is not a solution of 


a so n = 5 is a solution of the equation (1). 








S7 6 


the equation (1). 
(g) Ifn = 7, S7(17)+$7(27) + S7(3?) + S7(47) + $7(57) +.$7(67)S7(77) = 567+43 x7 = 868, 








t 
7x (74+1)x (2x7+4+1) 
6 
the equation (1). 


bu 
Sy 





) = $7(140) = 122 x 7 = 854 < 868, so n = 7 is not a solution of 


(h) Ifn > 8, from Lemma 3 we know there must be a positive integers mz with 1 < mz < 
k?(k =1, 2, ---, n) such that 


S7(1?) = 7m1, S7(27) = Tmo, +++ ,$7(n?) = 7mn. 


Then we have S7(1*) + S7(27) +--+ + S7(n?) = 7(m1 + m2 +-+-+ mn). 


On the other hand, notice that m, = 1, m2 = 4, m3 = 8, m4 = 14, m5 = 22, meg = 
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32, m7 = 48, mg = 56, from Lemma 3, we have 

























































































i=1 
7 y | mg +++++mn—-1)4 "| 
i=1 - 
as ees —1 
S fae my = 14 [Emmet ea +6] 
i=2 
as ae al 
_ my tg booby 1+ | +m | 
i=1 
> (om + So [E]) + (ma 92 [BEY + (me 5 [ |) + 
i=1 i=1 i=1 
mr+ >>|] + ( (mg H+ >o[S] + | mo 4 Ea 
7 7 7 
w=1 w=1 t=1 
lee) Mn 
(om +S [22] 
w=1 
[7% 17% 
> 12492 4...4 824 ay — en 
= » 7 ns = c 7 
t=1 w=1 
> 12 92 ee n2 
— n(n+1)(2n +1) 
= ‘ : 
From Lemma 2, we may immediately get 
mee | (P(r ma +++ tin) — DL. 
Therefore, 
1)(2 1 
5, ce x n+ ') < (my +tmg t+: +m) —1 
< Tm +me+---+myz) 











= §7(17) + S7(2?) +---+ S7(n*). 


So there is no any solutions for the equation (1) in this case. 
Hence, if p = 7, the equation (1) has only five solutions, they aren = 1, 2, 3, 4, 5. 
(III) If p > 11 we will discuss the problem in the following cases: 

1)(2 1 
qu i = 


ee Pe 3p [ 9p? 1 tsp 3p | 9p? 1 1 
— 2 4 1728 2 4 1728 2)” 
where [2] denotes the biggest integer < x, then we have 


n(n+1)(Q2n+1)\ — n(n+1)(2n+1) 
(nen) vase, 





<p, solving this equation we can get 1 <n < np , and 
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Noting that np < [,/p] < p, so if 1 <n < np, then n? < p, from Lemma 1 we have 


n(n + 1)(2n + Dy 





S,(17) + $,(2?) +--+ + $,(n?) = p+ 2p+---+n?p= 


Combining above two formulas, we may easily get n = 1, 2, --- , np» are the solutions of the 
1)(2 1 
equation Sp(17) + 5, (27) Seoneee Sp(n?) =S, (a ns n+ ‘). 


n(n + 1)(2n + 1) 
6 





(b) Ifnp <n < [,/p], that is > p and n? < p, so from Lemma 1 we have 





Sp 








n(n + 1)(2n+4+ 1) n(n + 1)(2n 4+ 1) 
(Beeler et) < Mee, 


but 
n(n + 1)(2n + 1) 
D. 


Sp(1) + Sp(29) +++ + Sp(n?) = Pp + 2p toe + rep = MET 





Hence the equation (1) has no solution in this case. 
(c) Let [/p] =t, ifn =[/p] +1 =t+1, that is n? > p,t > 3. Then 


Sp(1?) + S,(27) +--+ + Sp(n?) Sp(1?) + Sp(2?) + +++ + Sp(t?) + Sp((t + 1)?) 
p+ 2?2p+-.-+tpt (t? + 2t)p 
2t3 + 9t? + 13¢ 

6 _ 





If p = 11, that isn = t+1 = 4, so we have 9,,(17) + 91,(27) + $11(37) + $4,(4?) = 


2x 33 49x 324133 1)(2n +41 
ae ESS a a9 it yg ea ae a8 


6 
there is no solution for the equation (1) in this case. 


If p = 13, that isn =t+1 = 4, then we have $43(17) + $13(2) + 533(3°) + S13(4”) = 


2x 33 49x 324133 1)(2n+41 
NE PSS a ay i SE 2 eee Sa Be 


6 
there is no solution for the equation (1) in this case. 
If p > 17, that is t = [|,/p] > 4, and n=t+1 > 5, notice that 

















co ff 2t2+9t74+13t-—6 
Oe 
































w=1 pt 
oo fF 2t3+92?+4+13t-6 
_ 2° +987 +13t-6 6 
6 ak y 
2t3 + 912 + 13¢ || Se eee ples 
> 1+ —__6___ 
6 w=1 p 
2t3 + 9t? + 13¢ 
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Therefore, 
n(n + 1)(2n +1) (t+ 1)(t+ 2)(2¢+ 3) 
Sp = &, 
6 6 
2t? + Ot? + 13¢ — 6 
< D 
6 
2t? + 9t? + 13¢ 
< —=—— Pp 


= S,(1*) + $)(2”) +--+ + Sp(n’). 


So n = [,/p] + 1 is not a solutions of the equation (1). 
Ifn > [yp] +2=t+ 2, that is n? > p, t > 3. Then from Lemma 3, we know that there 
must exist a positive integers mz, with 1 < mp, < k?(k = 1,2,--+ ,m) such that 


S,(17) = ™1Pp, 5y(2°) = ™M2p,°** ,S,(n7) = MnP, 


then we have 


Sp(1?) + Sp(2?) +++ + Spm?) = (my + mz + +++ + 1Mn)p. 


On the other hand, notice that m; = 17, mz = 2, --- , m; = t?, from Lemma 3, we have 
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Then from Lemma 2, we can get 


n(n+1)(2n+1) 
6 


| ee ie p= 1h 
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Therefore, 





IA 


5, (= + Den + ) 


(m1 +m2+-+++mn)p-—1 














x 


(m4 meg eee Mn)p 


= §S,(17) + S,(2?) +--+ + Sp(n?). 


From the above, we can deduce that if p > 11 and n > [,/p] + 2, then the equation (1) has 
no solution. 
Now the theorem follows from (J), (IZ) and (IIT). 


References 


Smarandache F, Only problems, not Solutions, Chicago, Xiquan Publ., House, 1993. 
Zhang W. P. and Liu D. S., Primitive number of power p and its asymptotic property, 
ndache Notions Journal, No. 13, 2002, 173-175. 

Li J., An equation involving the Smarandache primitive function., Acta Mathematica 
Sinica(Chinese Series), No. 13, 2007, 333-336. 

4] Mark F. and Patrick M., Bounding the Smarandache function, Smarandache Notions 
Journal, No. 13, 2002, 37-42. 

5] Pan Chengdong and Pan Chengbiao, Elementary number Theory, Beijing, Beijing Uni- 
versity Press, 2003. 


Smar 


won eR 








Scientia Magna 
Vol. 3 (2007), No. 3, 26-29 


An identity involving the function e,(n) 
Xiaowei Pan and Pei Zhang 


Department of Mathematics, Northwest University 
Xi’an, Shaanxi, P.R.China 


Abstract The main purpose of this paper is to study the relationship between the Riemann 
zeta-function and an infinite series involving the Smarandache function e,(n) by using the 


elementary method, and give an interesting identity. 


Keywords Riemann zeta-function, infinite series, identity. 


§1. Introduction and Results 


Let p be any fixed prime, n be any positive integer, e,(n) denotes the largest exponent of 
power p in n. That is, e,(n) = m, if p” | n and p™*! { n. In problem 68 of [1], Professor 
F.Smarandache asked us to study the properties of the sequence {e,(n)}. About the elementary 
properties of this function, many scholars have studied it (see reference [2]-[7]), and got some 
useful results. For examples, Liu Yanni [2] studied the mean value properties of e,(b;(n)), 
where 6;,(n) denotes the k-th free part of n, and obtained an interesting mean value formula for 
it. That is, let p be a prime, k be any fixed positive integer, then for any real number x > 1, 


we have the asymptotic formula 


S> ep (bu (n)) = (; ies —) +0 (2+) . 


are p* — p)(p— 1) 





where € denotes any fixed positive number. 
Wang Xiaoying [3] studied the mean value properties of S( (n+ 1)” —n™)e,(n), and 


n<x 
proved the following conclusion: 


Let p be a prime, m > 1 be any integer, then for any real number x > 1, we have the 


asymptotic formula 


1 


DAO 1)” —n™ )ep(n) = ae qzto (2) : 





n<ux 


Gao Nan [4] and [5] also studied the mean value properties of the sequences p®(") and 
pv") got two interesting asymptotic formulas: 


Ite 40 (nats) if g>p; 


a pa (n) _ = 


ee aLelna + (L(y 1) + 8) 2 +O (a4), if q=p. 








plnp 
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and 


2 2 
Sy pear) = ne Dae Tew (=) 
q@+q+l 


n<ux 


where € is any fixed positive number, y is the Euler constant. 


Lv Chuan [6] used elementary and analytic methods to study the asymptotic properties of 
a €p(n)p(n) and obtain an interesting asymptotic formula: 


n<u 


3p 2 Bb 

S> ep(n)p(n) = —2 a +0(c? 
= (p+1)x 

Ren Ganglian [7] studied the properties of the sequence e,(n) and give some sharper 
asymptotic formulas for the mean value S- ek (n). 

n<ux 

Especially in [8], Xu Zhefeng studied the elementary properties of the primitive numbers 
of power p, and got an useful result. That is, for any prime p and complex number s, we have 
the identity: 

1 es) 

Sp(n) ps —1 








co 

n=1 

In this paper, we shall use the elementary methods to study the relationship between the 

Riemann zeta-function and an infinite series involving e,(n), and obtain an interesting identity. 
That is, we shall prove the following conclusion: 


Theorem. For any prime p and complex number s with Re(s) > 1, we have the identity 


Sern) wil _ Cs) 
», ns = 20 amy ~ ped’ 


n=1 











where ¢(s) is the Riemann zeta-function. 





co co 
1 
From this theorem, we can see that p(n) and denote the same Dirichlet 
ns Ss(n) 
n=1 Pp 


n=1 





co co 
series. Of course, we can also obtain some relationship between s ie (n) and s , that 
n 


n=1 n=1 


1 
S5(n) 
is, we have the following conclusion: 


Corollary. For any prime p, we have 


§2. Proof of the theorem 


In this section, we shall use elementary methods to complete the proof of the theorem. 
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Let m = e,(n), if p™ || n, then we can write n = p™n,, where (ni,p) = 1. Noting that, 
e€,(n) is the largest exponent of power p, so we have 


8 
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let n, = pne, then 
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Now, combining (1) and (2), we have the following identity 














= €p(n) es Th = a =—- I 
d rr 7 Do ms Dae a 
piri 
1 foe) 
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- 1 1s) 
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This completes the proof of Theorem. 
Then, noting the definition and properties of S,,(n), we have 




















“1 1 
oe eee eh (3) 
n=1 Sp (n) m=1 (pm) neN 
Sp(n)=mp 
and we also have ae a 
- e,(n) _ S- ep(mp) 
n=1 né m=1 (mp)* 
therefore, from the definition of e,(n), we can easily get 
> seme) ye (4) 
m=1 (mp)* m=1 (pm)* neEN 


Combining (3) and (4), it is clear that 


This completes the proof of Corollary. 
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Abstract In a recent paper, Muneer [1] introduced the Smarandache inversion sequence. 
In this paper, we study some properties of the Smarandache inversion sequence. Moreover, 
we find the necessary and sufficient condition such that [SJ(n)]? + [SJ(n + 1)]? is a perfect 


square. 


Keywords Smarandache reverse sequence, Smarandache inversion, perfect square. 


§1. Introduction 
The Smarandache reverse sequence is (see, for example, Ashbacher [2]) 
1,91, 921;4991, 5a90ie 
and in general, the n — th term of the sequence is 
S(n) = n(n — 1)---321. 


In connection with the Smarandache reverse sequence, Muneer [1] introduced the concept of 
the Smarandache inversion sequence, SI(n), defined as follows : 

Definition 1.1. The value of the Smarandache inversion of (positive) integers in a number 
is the number of order relations of the form i > j (where i and Jj are digits of the positive 
integers of the number under consideration), with SI(0) = 0, SI(1) = 0. 

More specifically, for the Smarandache reverse sequence number 


S(n) = n(n — 1)---321, 
the following order relations hold : 


(A-l1)n>n-1>--->3>2>1, 
(A-2)n-1>n-2>--->3>2>1, 


(A-(n—1))2>1. 


Note that, the number of order relations in (A — 1) is n — 1, that in (A — 2) is n — 2, and so 
on, and finally, the number of order relation in (A — (n — 1)) is 1. We thus have the following 


result : 
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= 
Lemma 1.1. SIJ(n) = mn fon any integer n > 1. 
-—1 
Proof. SI(n) = (n—1)+(n—2)4+---+1= _ ). 
; “ n(n? — 1) 
Lemma 1.2. For any integer n > 1, y SI(1) = a7 


i=1 
Proof. Using Lemma 1.1, 


Sst) = | eat (s7#-3>5) 














i=l i=l i=l 
— 1 fn(nt+1)2n4+1) n(n+1)] _ n(n? -1) 
— 2 6 2 — 6 
Muneer [1] also derived the following results. 
Lemma 1.3. SJ(n+1)+SI(n) =n? for any integer n > 1. 
Lemma 1.4. SI(n+1)—SI(n) =n for any integer n > 1. 
Proof. Since 
1 —1 
Sie hat LB Gets 


2 2 
we get the desired result. 
Lemma 1.5. [SI(n + 1)]? — [SI(n)]? = n° for any integer n > 1. 
Proof. Using Lemma 1.3 and Lemma 1.4, 


[SI(n + 1)]? — [SI(n)}? = [SI(n + 1) + ST(n)|[SI(n + 1) — SI(n)] = (n?)(n) = 03. 


—1)\? 
Lemma 1.6. SI(n+1)SI(n—1) + SI(n) = “) for any integer n > 1. 
We also have the following recurrence relation. 
Lemma 1.7. SI(n+1)—SI(n—1) = 2n—1 for any integer n > 1. 
Proof. Using Lemma 1.4, 





SI(n+1)-—SI(n-1) = [SI(n+1)SI(n)] + [SI(n) — SI(m - 1)] 
= n+(n—1)=2n-1. 


Muneer [1] also considered the equation 
[SI(n)]* + [SI(n + 1)]? = k? (1) 


for some integers n > 1, k > 1, and found two solutions, namely, n = 7 and n= 8. 
In this note, we derive a necessary and sufficient condition such that (1) is satisfied. This 
is given in the next section. 


§2. Main Results 


We consider the equation 


[SI(n)]? + [SI(n +1)]? = k? (2) 
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for some integers n > 1, k > 1. By definition, 


[SI(n)]? + [SI(n +1)? = (Ce vy (a oy 1 2 (n? +1) 





We thus arrive at the following result. 

Lemma 2.1. The equation (2) has a solution (for n and k) if and only if $(n? + 1) is a 
perfect square. 

Lemma 2.2. The Diophantine equation 


s(t )=2 (3) 


has a solution (for n and k) if and only if there is an integer m > 1 such that m? + (m+ 1)? is 
a perfect square, and in that case, n = 2m +1, k? =m?4+(m-+1)?. 
Proof. We consider the equation (3) in the equivalent form 


n?+1= 2k’, (4) 
which shows that m must be odd; so let 

n=22m+1. (5) 
for some integer m > 1. Then, from (4), 


(2m +1)? +1 = 2k’, 





that is, (4m? + 4m +1) 4+ 1 = 2k?, that is, m2 + (m+ 1)? = k?. 
Searching for all consecutive integers upto 1500, we found only four pairs of consecutive 
integers whose sums of squares are perfect squares. These are 


(1)32 + 42 = 52, (6) 
(2)202 + 212 = 292, (7) 
(3)1192 + 1202 = 1692, (8) 
(4)6962 + 6972 = 9852. (9) 





The first two give respectively the solutions 

(a) [SI(7)]? + [S1(8)]? = 35°, 

(b) [SI(41)]? + [SI(42)]? = 11892, 
which were found by Muneer [1], while the other two give respectively the solutions 

(c) [SI(239)]? + [SI(240)]? = 403912, 

(d) [S1(1393)]? + [$I(1394)]? = 13721057. 

The following lemma, giving the general solution of the Diophantine equation 77+ y? = z?, 
is a well-known result (see, for example, Hardy and Wright [3]). 


Lemma 2.3. The most general (integer) solution of the Diophantine equation x?+y? = 2? 


c=2ab, y=a?-Bb?, z=a0"7 +0", (10) 
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where x > 0, y > 0, z > 0 are integers with (x, y) = 1 and « is even, and a and 0 are of opposite 
parity with (a,b) = 1. 
Lemma 2.4. The problem of solving the Diophantine equation 


m+(m+1) =F’, (11) 
is equivalent to the problem of solving the Diophantine equations 
x? — 2Qy? = 1. 
Proof. By Lemma 2.3, the general solution of the Diophantine equation 
(m+1)? +m? =F? 


has one of the following two forms : 
(a) m=2ab,m+1=a?—0?,k=a? +0? for some integers a,b > 1 with (a,b) = 1; 
(b) m=a?—}b?, m+1=2ab, k =a? +0? for some integers a,b > 1 with (a,b) = 1. 
In case (a), 





1=(m+1)—m= (a? — 87)? — 2ab = (a — b)? — 2ad’, 


which leads to the Diophantine equation x? — 2y? = 1. 
In case (b), 


—1=m-—(m+1) = (a? — b*)? — 2ab = (a — b)? — 2ad’, 


leading to the Diophantine equation x? — 2y? = —1. 


The general solutions of the Diophantine equations «? —2y? = +1 are given in the following 





lemma (see, for example, Hardy and Wright [3}). 
Lemma 2.5. All solutions of the Diophantine equation 


gp? — 2y? = 1 
are given by 
a+ V/2y = (1+ V2)", (12) 
n > 0 is an integer; and all solutions of the Diophantine equation 
x? — 2y? = —1, 
are given by 
a+ V2y = (1+ V2)", (13) 


n = 0 is an integer. 

Remark 2.1. Lemma 2.5 shows that the Diophantine equation m? + (m+ 1)? = k? has 
infinite number of solutions. The first four solutions of the Diophantine equation (11) are given 
in (6 - 9). It may be mentioned here that the first and third solutions can be obtained from 
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(12) corresponding to n = 1 and n = 2 respectively, while the second and the fourth solutions 
can be obtained from (13) corresponding to n = 0 and n = 1 respectively. The fifth solution 
may be obtained from (12) with n = 3 as follows : 


a+ V2y = (1+ V2)§ =99+ 7072 > «=99, y=70. 


Therefore, 








a—b=99, b=70 > a=169,b=70, 








and finally, 
m = 2ab = 23660, m+1 =a? — b* = 23661. 


Corresponding to this, we get the following solution to (2) : 


[SI(47321)]? + [S1(47322)]? = 15834079817. 


§3. Some Observations 


In [1], Muneer has found three relations connecting four consecutive Smarandache inversion 
functions. These are as follows : 

(1) SI(6) + SI(7) + SI(8) + ST(9) = 10°, 

(2) SI(40) + SI(41) + SI(42) + SI(43) = 58?, 

(3) SI(238) + SI(239) + SI(240) + SI(241) = 3387. 

Searching for more such relations upto n = 1500, we got a fourth one : 

(4) SI(1392) + SI(1393) + $1(1394) + SI(1395) = 19707. 

Since 


SI(n—1)+ SI(n) + SI(n+1) + S$I(n+2) =(n—-1)? +(n+1)’, 


the problem of finding four consecutive Smarandache inversion functions whose sum is a 


perfect square reduces to the problem of solving the Diophantine equation 
m + (m+ 2)? = k*. 


In this respect, we have the following result. 


Lemma 3.1. If mo, mo + 1 and ko = \/mé + (mo + 1)? is a solution of the Diophantine 
equation 
m+ (m+ 1)? =k’, (14) 
then 2mo, 2(mo + 1) and Ip = 24/mZ + (mo + 1)? is a solution of the Diophantine equation 
m +(m+2)? =?, (15) 


and conversely. 
Proof. First, let mo, mo +1 and ko = y/m% + (mo + 1)? be a solution of (14), so that 


me +(mo +1)? = ke, (16) 
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Multiplying throughout of (1) by 4, we get 
(2mp)? + [2(mo + 1)]? = (2ko)?, 


so that 2m, 2(mp + 1) and lg = 2kp is a solution of (15). 

Conversely, let mo, mo + 2 and Io = 4/m2 + (mo + 2)? be a solution of (15). Note that, 
mo and mo + 2 are of the same parity. Now, both mp and mp + 2 cannot be odd, for otherwise, 
mo = 1(mod2), mo +2 = 1(mod2) > 12(mod4), 
which is impossible. Thus, both mp and mo + 2 must be even. It, therefore, follows that — 


/ 
= +1 and kp = a is a solution of (14). 
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Abstract For any fixed positive integer k > 1 and any positive integer n, let a;,(m) and b;(n) 
denote the inferior and superior k-power part of n respectively. That is, a,(n) denotes the 
largest k-power less than or equal to n, and bg(n) denotes the smallest k-power greater than 
or equal to n. In this paper, we study the properties of the sequences ax(n) and be(n), and 


give four interesting identities for them. 


Keywords Inferior and superior k-power, Riemann zeta-function, multiplicative function. 


§1. Introduction and Results 


For any fixed positive integer k > 1 and any positive integer n, let a,(n) and by(n) denote 
the inferior and superior k-power part of n respectively. That is, a,(n) denotes the largest k- 
power less than or equal to n, and by(n) denotes the smallest k-power greater than or equal to n. 
For example, let & = 2, then ag(1) = a2(2) = a2(3) = 1, a2(4) = a2(5) = ao(6) = ao(7) = 4,---, 
bo(1) = 1, b2(2) = be(3) = b2(4) = 4, bo(5) = b2(6) = bo(7) = b2(8) = 8, --- . In problem 40 and 
41 of [1], Professor F.Smarandache asks us to study the properties of the sequences a,(n) and 


























b(n). About these problems, Professor Wenpeng Zhang [3] gave two interesting asymptotic 
formulas of the cure part of a positive integer . These are 

















py d(aa(n)) zs sr Aain’s + Baln?x + Calnz + Da + O(x8**) ; 
7 

n<x 

» d(b3(n)) = = gap Anin’® e+ Baln?xc + Calne + Dr + O(x8t) ; 

n<ux 


where A, B,C and D are constants; d(n) denotes the Dirichlet divisor function; ¢ is any fixed 
positive number. And Jianfeng Zheng [4] gave two asymptotic formulas of the k-power part of 
a positive integer. These are 




















1 
S> d d(ax(n = En Ee Eq? —5)'Agaln x + Ayaln*-te +--- + Ay_yalne + Ayz + O(x'~ 2% +*) : 
n<ux 
6 
S> d d(by(n Eel aca \F-! Agaln® x + Ayaln*-1e +---+ Ap_yalna + Agz + O(x'~ 2% +) F 
n<ux 
where Ao, Ai,--- , Ax are constants, especially when k equals to 2, Ap = 1. 


In this paper, we shall use the elementary method to prove the following: 
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Theorem 1. For any complex number s with Res > 2, we have 
co 


where ¢(s) denotes the Riemann zeta-function, and o(n) denotes the Dirichlet divisor function. 


ane Yate ks cbs —k- TT fi ep ORE) 


‘ Pp 


aE 


Theorem 2. For any complex number s with Res > 2, we have 


Ta 


Theorem 3. For any complex number s with Res > 2, we have 





k-1 Dp — p* 
Pl) _ S_yh-iticg cts —i)e(kes — ki) TT |1 +p ent e 


by(m))* 1=0 Pp 


ala 


k-1 


= (n)) ¢(ks — k —i) 
Br Gaye (ks —k—i+1)’ 


Vw 





where y(n) denotes the Euler function. 
Theorem 4. For any complex number s with Res > 2, we have 


co 
n=1 


From the above Theorems, we may immediately deduce the following: 


k-1 
(—1)'-#+103 C(ks — k — t) 
=0 


C(ks —k—i+1)° 


plbx(n)) 
Ct))e 


a 
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Corollary. For any complex number s with Res > 2, we have 








3 a(aa(n)) _ 9 S(25 = 1G 2s — 2)¢(25 = 3) | C2s)C(2s — 1)¢(2s — 2) | 








— (aa(n)) ¢(4s — 4) ¢(4s — 2) 
> a(ba(n)) _ (25 = 1)¢(2s — 2)¢(2s — 3)  C2s)o(2s — 1)¢(2s — 2) | 
24 (a(n) ((4s 4) C(as—2) 














§2. A simple lemma 


To complete the pr oof " the theorems, we need the following: 


Lemma. Assume pw) (”) 


n=1 
function, then we have 


converges absolutely for Res > oq. If f(n) is a multiplicative 


co 








n 
n=1 p 


Proof. (See Theorem 11.7 of [2]). 
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§3. Proof of the theorems 


Now we complete the proof of the theorems. First we prove Theorem 1. Let D;,(n) = o(n*), 


then D;,(n) is a multiplicative function, and 
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Jelks — kT] ]i-+p 


Pp 


I: 


It is clear that the right hand side of the above is convergent if Res > 2, and divergent if 


Res < 2. This completes the proof of Theorem 1. 


Now we come to prove Theorem 2. By the method of proving Theorem 1 we have 


























o(be(n)) (1) | o(2*) a(3*) o(N*) 
> (by, n))§ [ks / ~~ ks ks g eotcdaee o > Nks Tes 
n=1 lk <n<2k 2k <n<3k (N-1)¥<n< NF 
_ ss Wee(N =a ®) 
7 N=1 Nis 
k— lee) k-1 ee) 
a ee ao(N* _; F D,(N 
= Looe yA = Yipee 
i=0 N=1 i=0 N=1 
— k-i+1 pi = k A 1 _ pent 
= Leone] fis eee 
i=0 p n=1 e 
k— ; ; —pm— nk 
= Sin clc(ks — de(ks — k- i) J] f +p oP 
i=0 p 
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The right hand side of the above is convergent if Res > 2, and divergent if Res < 2. This 
complete the proof of Theorem 2. 

Using the methods of proving Theorem 1 and Theorem 2 we can also prove Theorem 3 and 
Theorem 4. 


References 


1] F.Smarandache, Only Problems, Not Solutions, Chicago, Xiquan Publishing House, 
1993. 
2] Tom M.Apostol, Introduction to analytical number theory, Spring-Verlag, New York, 
1976. 
3] Wenpeng Zhang, On the Cube Part Sequence of a Positive Integer, Journal of Xianyang 
Teachers’ College, 18(2003), 5-7. 

4] Jianfeng Zheng, On the inferior and superior k-power part of a positive integer and 
divisor function, Smarandache Notions Journal, 14(2004), 88-91. 








Scientia Magna 
Vol. 3 (2007), No. 3, 40-43 


An asymptotic formula for S;(n!) 


Yu Wang 


Department of Mathematics, Northwest University 
Xi’an, Shaanxi, P.R.China 


Abstract For any fixed positive integer k and any positive integer n, the famous Smarandache 
ceil function Sj,(n) is defined as S,(n) = minf{m € N: n|m*}. The main purpose of this 
paper is using the elementary method to study the asymptotic properties of S;,(n!), and give 


an interesting asymptotic formula for it. 


Keywords F.Smarandache ceil function, asymptotic formula, elementary method. 


§1. Introduction and results 


For any fixed positive integer / and any positive integer n, the famous Smarandache ceil 
function S;(n) is defined as follows: 


S.(n) =min{m € N: n| m*}. 


For exemple, the first few values of S3(n) are: S$3(1) = 1, S3(2) = 2, 53(3) = 3, $3(4) = 
2, 53(5) = 5, $3(6) = 6, $3(7) = 7, S$3(8) = 2, $3(9) = 3, $3(10) = 10, $3(11) = 11, $3(12) = 
6, 53(13) = 18, $3(14) = 14, $3(15) = 15, $3(16) = 4, $3(17) = 17, $3(18) = 6, $3(19) = 
19, S3(20) = 10,---. 

This function was introduced by Professor F. Smarandache. In reference [1], Ibstedt pre- 
sented that S;(n) is a multiplicative function. That is, 


(Va,b € N) (a,b) = 1 = > Sz (a- b) = S;(a)- Sz (0). 


But S;,(n) is not a completely multiplicative function. In fact, (2,4) = 2, if k = 3, 


S3(2) = 2, S3(4) = 2, $3(2- 4) = S3(8) = 2 # S3(2)- $3(4) = 4 If k = 5, 55(2) = 2, 
Se(A) = 2 SO a) = 568). 2 SEO) Sed) = A ek = D883) = 8, $02) = 6, 
So(3 +12) = $2(36) = 6 # $2(3) - So(12) = 18; If k = 4, Sa(3) = 3, S4(12) = 6, S4(3- 12) = 
S4(36) = 6 £ S4(3) - $4(12) = 18. So S;,(n) is not a completely multiplicative function. 


On the other hand, it is easily to show that S;,(p%) = p!*!, where p be a prime and 
[x] denotes the least integer greater than x. So if n = pf'p5?---p?r is the prime power 
decomposition of n, then the following identity is obviously: 


Si(n) = S(pt" ps? ++: pr?) = p 


About the other elementary properties of S;,(nm), many people had studied it, and obtained 
some interesting results. For example, Xu Zhefeng [2] studied the mean value properties of the 
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compound function involving 2 and $;(n), and proved that for any real number x > 3, we have 
the asymptotic formula 
S- Q(S;,(n)) = a@lnIng + Ax +O (—) ; 


Ing 
n<ux 


1 1 
where A= y+ s (1m (1 = ) + )s 7 is the Euler constant, and y denotes the sum over 
Pp Pp 
Pp 


Pp 
all the primes. 


Sabin Tabirca and Tatiana Tabirca [3] proved that 


n= pip2°**Pps => Si.(n) =n. 


Ren Dongmei [4] studied the mean value properties of the composite function involving 
d(n) and S;,(n), she proved that 


S> d(Sk(n)) = Meme T] (1 2 =) + Cx 4 O (at**), 


n<a P 








where & is a given positive integer with k > 2, ¢(s) is the Riemann zeta-function, C is a 
computable constant, and € is any fixed positive number. 

He Xiaolin and Guo Jinbao [5] proved that for any real number x > 2 and any fixed positive 
integer k > 2, 





_ Gx*thC(a + 1)¢(k(a + 1) — a) 


1 a+5+e 
(a+ 1)? en ie 


Yo a (Sk (n)) 


n<u 


where a > 0,04(n) = S- d™, ¢(s) is the Riemann zeta-function, € be any fixed positive number, 
d| 





1 
and R(a +1) = Il (1 pk(atl)—a — p(k-1)(a+1) ). 
P 


In this paper, we use the elementary method to study the asymptotic properties of S;(n!), 
and give an interesting asymptotic formula for it. That is, we shall prove the following: 
Theorem. Let k be a fixed positive integer, then for any integer n > 3, we have the 


asymptotic formula 
ninn 





In(S$;(n!)) = + O(n). 


§2. Some lemmas 


To complete the proof of the theorem, we need the following two simple lemmas. 
Lemma 1. For any positive integer n > 2, we have 


nm n 
m(n) => een +0 (4) 5 


where 7(n) denotes the number of the prime up to n. 





Proof. See reference [6]. 
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Lemma 2. Let n > 2 be any positive integer, then we have the asymptotic formula, 
1 
- oP =Inn+O(1). 
psn £ 


Proof. See reference Theorem 4.10 of [6]. 


§3. Proof of the theorem 


In this section, we will complete the proof of our theorem. In fact, for any positive integer 
n> 1, let 


1 2 


n! = pips? +++ p,", 


then from the properties of S;(n), we have 


e17 paz or 
In(S(n!)) = In (pF 'pp*! «pe Fl) 
a a Ar 
a a In py + al Inpo +-+++ a In pp. 


It is clear that (see reference [6] Theorem 3.14), 


psn 


, eel Inn 
= S- i +0(; ) In p 





In(S;(n!)) = = S- Bl Inp 








pan 








psn 


2 t 3 = +0(2") Inp + O(n) 








= = (i ~ Inp+ O(n) 











pin \™ gai 
1 
= 5 ; = Inp + O(n) 
sat p< pire (p— 
1 
2 —— | Inp+ O(n) 
k oe ae 
1 
= . + i Inp+ O(n). 
a ee) 
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Noting that, 


but 


sO 








3 Inp 2 » Inn aif (=) 


Seen a) 


In (S,(n!)) = . S- AP soln, 


pen P 


Combining Lemma 2 and the above formula we may immediately get the asymptotic for- 


mula 


ninn 


In (S;,(n!)) = 





+ O(n). 


This completes the proof of the theorem. 
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Abstract In this paper, a fuzzy relaxed approach for multi-objective transportation problem 
is presented by using yy -operator which allow some degree of compensation between aggregated 
membership functions. It is shown that solutions obtained by this way are efficient. As the 
solvability of the resulting problem is not generally guaranteed , we turn the resulting prob- 
lem to new single objective linear programming by inequalities, and the optimal compromise 
solution is obtained. Simultaneously we avoid the computation of parameter y. Numerical 


examples are given to demonstrate the efficiency and practicality of the proposed method. 


Keywords Fuzzy programming, relaxed, multi-objective transportation problem, y-operator. 


81. Introduction 


The application of fuzzy set theory to human decision making has received considerable 
attention by a number of authors since the pioneering work of Bellman and Zadeh. We present 
in this paper an approach related to Zimmermann’s and using the y-operator is to combine 
fuzzy objective in the sense of the ‘fuzzy OR’. It is shown that solutions obtained by this 
way are efficient. As the solvability of the resulting problem is not generally guaranteed and 
the computation of optimal compensation degree y is difficulty (Li(2002)), a fuzzy relaxed 
approach is proposed for multi-objective transportation problem . In this approach, we turn 
the resulting problem to new single objective linear programming by inequalities, the optimal 
compromise solution is obtained. Simultaneously the compensation degree y of y -operator is 
avoided. Illustrative numerical examples demonstrated the efficiency and practicality of the 
proposed approach. 


§2. Multi-objective linear transportation problem 


Consider a transportation situation having m origins (or sources) O;(¢ = 1,2,...,m) and 
n destinations D;(j = 1,2,...,n). Let a; be the quantity of a homogeneous product which 
we want to transport to n destinations D; to satisfy the demand for 6; units of the product 
there. A penalty Ci is associated with transportation of a unit of the product from source 7 
to destination 7 for k-th penalty criterion. The penalty could represent transportation cost, 
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delivery time, quantity of goods delivered, under-used capacity, etc.. A variable «;; represents 
the unknown quantity to be transported from origin O; to destination D;. 


A transportation problem can be represented as a multi-objective linear programming 


problem: 
mize). S Chak = 1, 2):505K). (1) 
i=1 j=1 
s.t. 
¥ tga = a, (2) 
j=l 
pa eee (3) 
i=1 
Cy 2.0, tS 1 Qi ceg My J Hd, Qype ast (4) 


where a; > 0 for all i,b; > 0 for all j,CK > 0 for all (i,j), and >a; = $~d; (balanced 
i=l j=l 
condition). 


m n 

Notice that the balanced condition S- a= S- b; is both a necessary and sufficient con- 
dition for the existence of a feasible sino of the (2)-(4). 

The multi-objective transportation problem is considered as a vector-minimum problem. 
For each objective Z,, two values U; and Ly is the upper bound and lower bound of Z,, 
respectively. Dy, is the aspired level of achievement for k- th objective, Uz the highest acceptable 
level of achievement for k-th objective, d, = U; — Lx, the degradation allowance or leeway, for 
k-th objective. U; and Lz can be determined as following for each objective Z;,, respectively, 


1 
Un = qe (Fk + Zon +... + ZK), Ly = Zen, K=1,2,...,K, 
Zij = Z;(a), (i,j =1,2,...,K,), ei = 1,2,..., K) is the isolated optimal solution of the 
k-th objective function. 


§3. Fuzzy relaxed approach to multi-objective transporta- 


tion problem using y-operator 


Let X denote the feasible region satisfying all of the constraints of the problem (1). More- 
over, we have the following concept. 

Definition.(Pareto optimal solution) x, € X is said to be a Pareto optimal solution if 
and only if there does not exist another x2 € X such that Z,(a1) > Zp (x2) for allk = 1,2,...,K 
and Z,(x1) > Z, (x2) for at least one k. 
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The membership function for the k-th objective function Z, is defined as 





1 if eS Des 
Mat) =) 1 GAare if Le < Zp < Up, (5) 
0 if Z, > Ux. 
K 
Let F = () (support 44,)4 ¢, where support uw, = {x|ux(x) > 0}. The decision maker wishes 
k=1 


to obtain a solution satisfying Lz < Z, < Ux. Zimmermann’s fuzzy programming appears 
to be an ideal approach for obtaining the optimal compromise solution to a multi-objective 
transportation problem. However, due to the ease of computation, the aggregate operator 
used in Zimmermann’s fuzzy programming is the ‘min’ operator, which does not guarantee a 
non-dominated solution. Usually we have two methods to overcome this shortcoming. Firstly, 
constructing a new compensatory operator which comprehensives the non-compensatory opera- 
tor ‘min’ used to represent the ‘logical AND’ and the compensation operator ‘max’ used to 
represent the ‘logical OR’, for example, M.K.Luhandjula (1982) presented the fuzzy approach 
for the linear maximum problem using the min-bound sum operator; Secondly, constructing 
new operators which are named the ‘fuzzy AND’ and ‘fuzzy OR’. 

In this paper, we define the fuzzy decision as the following Werners-compensatory operator, 
which represents ‘fuzzy OR’. 


D = {(z,up(x))|x € F}, De ie grey jenn | Sel 


Using this operator to solve problem (1)-(4), we have the following programming 


1-y¥y 6 
max Lea” ae tht ygemin Sool], (6) 


s.t. « € F. Although the solution obtained by (6) is efficient for (1), it is not always easy to 


solve (6) by available methods. Assume a = ee a Oe Ly, 2 = min {hd d, [Lk \ then we turn 


the (6) into the following 
1 
ax(1—)a + xB. S.t. Mh Sa, 
K 
where k=1, 2,..., K, )o ue > 6B, 8<1,2€X. 


k=1 
Lemma 1. Suppose Ly and U; finite and Ly < Ux. If x is solution of (6), then z is efficient 


for (1). 
Proof. Suppose x optimal for (6) and non-efficient for (1). Then there exists 7’ € X so 
that Z,(x') < Z,(a), k =1,2,...,K and Z;,(2') < Z,(ax) for at least one k. We have 
Z,(2!) — “4 
BD ig FE 9 as 
Ly _ U;, Lk = Ux 
a = lL. 
FiO), Ae oo: 
Ly = U;, Lt _ Ux 
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for at least one k. 
As0<y<1, we have 


Zx (2) = U;, . Zi (x) = Uz 
Y NL a ee ? Tr 
ke{1,2,..,K} Ly — Uz ke{1,2,..,K} Ly — Up 
and 7 
1 ‘ Zi (2") = Up 1 + Zx (x) = U;, 
-y)> 1 —— 1l-y=> 1 ———— >. 
(1 yea | >» ear a > ( 1) ze min , ei 


It results that 





keE{1,2,...,K} Ly — Ux 


K 
ty min Pie) t(l-—¥ ! min ( ~ “une “| 
k=1 





K 
F Z,(x) — Ux 1 : Zi (a — U; 
1 ie pee a 
PN ae ey dah ua “genio | >»? =o 


This contradicts the fact that optimal for (6). 
Lemma 2. If (a*,a*, 6*) is optimal for (7), then 


K 
* i (a*), 8B =min <1, (a*) >. 
at = iin vale"), 6 D, He( } 


Proof. Suppose (2*,a*,3*) is optimal for (7) and a* £ p(a*), Let a’ = 


we{12,....K} 
r a eh pn(a*) then a’ > a*. (a*,a*, G*) verifies the constraints of (7) and ya* + (1 — 
{123.4 


1 1 
Nee < ya’ + (1 - NRF this contradicts the fact that (2*,a*,G*) is optimal for (7). 


K 
G* = min fs S- ace} can be proved in the same way. 
k=1 


Proposition. x* is optimal for (6) if and only if (a*,a*, 6*), where 


K 
an = paps y(*), B* = min { Dele } 


is the solution to the problem (7). 
Proof. (a) Necessity. If x* is optimal for (6), then 


K 
1 
; eas ; 
ge TIM pe, aC") + ( vyenin| em} (7) 
1 K 
> a eee ey . : 
27 jeg Mai cy Hel) + ( nzemin | nto] (8) 


Suppose that (2*,a*, 6") with 


* 


K 
= i * = = i 1, " * 
re aa x(x"), B nin | d_ Hele } 
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is not optimal for (7). There exists (x’, a’, 3’) 4 (a*,a*, 8*), so that 


p(a’) <a’, k=1,2,...,K, 


K 
> us(2') > 6, 6 <1, a’ CF, 
k=1 
aor Nos" aye += Noe. 
K K 


It results that 


K 
1 s 
: j eset aut a : 
Via ages UR nf oe} 


IV 


ioe 
Br 


ya’ + (1-7) 


BR 


> Hor (14) 


>| 


kK 
1 
De le )+¢ VR mn 2a }. 


which contradicts (8). 
(b) Sufficiency. If (2*, a*, *) is optimal for (7), by the Lemma 1 we have 


K 
* = i ; . > = i 1 * a 
a eo are ye nin | Dwele } 


Suppose z* is not optimal for (6), there exists x’ so that 
l K 
. 


7 ge pain eal) (1a) min | nto] 
k=1 


mi 
kE{1,2,...,K} 


Let 
K 
if = ] / / = a 1 1 
7 ee p nin | mt] ; 
(x’, a’, 3’) verifies the constraints of (7) and 
1 
kK 


1 
ya + (L- EB > ya" + (L—-) EP. 


This contradicts the fact that (x*,a*,G@*) is optimal for (7). 
Although the problem (7) has above properties, it is difficulty to solve (7) and find the 
compensation degree y of y-operator. So, we use the following inequalities 


1 1 
Faye +E <l-r)at758, 
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a fuzzy relaxed approach using the yy -operator is proposed. In order to solve (7), we only solve 


the following single objective linear programming 


K 
max, s.t. Dez Bs B<1,reEX. (9) 


We obtain the optimal solution y = (6', x!) for (10), where 


1 at 34 ee 1 1 1 
Sea, Pb ee sh ys Cops ea Wong) oy Lee ea hae) 
The optimal solution objective values Z! = (Zj], Z3,..., Zj-) with respect to x1. Let 


K 
_ . ! ye . 1 P 
Re{L2,...,K} ux(x), B nin | dole } ; 


(a’, a’, 8’) is a solution of the problem (7). By Proposition, the optimal compromise solution 
x* and objective values for (1) is x* = 2’ and Z* = Z’, respectively. 

Algorithm. 

Step 1. Solve the multi-objective transportation problem as a single objective transporta- 
tion problem by taking one of the objectives at one time. 

Step 2. From the results of Step1, find the lower bound L; and upper bound U;, values for 
the objective Z;,.The membership function for the objective function Z;, is defined by (5). 

Step 3. Applying Werners-compensatory operator proposed by (6) for the multi-objective 
transportation, we get the following programming problem (7). 

Step 4. Solve the problem (8). If the solution to above (8) does not exist, Ux := Ux + 
+(U;, —L,), go to step 3. The optimal solution and objective values of the problem(8) is denoted 
by x! and Z1, respectively. The optimal compromise solution x* and objective values for (1) is 
x* =a! and Z* = Z', respectively , for the original problem (1) are obtained. 


84. Numerical example 





minZ, =%1i1-4 4a 49 t 9X13 t 4x91 t 6.5229 t 5293, (10) 





minZ2 = 2%1, + 3@12 + 4413 + £21 + 9X22 + 6423, 


minZs = 4n41 + 2219 + 10x13 + 3291 + 8299 + X23; 


3 3 
s.t. Soa =11, S522; =15, 
jail jal 
2 2 2 
So via =; S > viz = 10, Swi =9, 
i isl <i 


Lig > 0, t=1,2; j =1,2,3. 
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Applying the fuzzy relaxed approach proposed, We obtain the optimal compromise solution 
and optimal objective value asked on MATLAB 7.0 platform 


x* = (1.5554, 9.2798, 0.1648, 5.4446, 0.7202, 8.8352), 


Z* = (Zi, Z%, Z8) = (110.1343, 96.5471, 57.3598). 
But applying fuzzy programming approach of A.K.Bit s[8] and U; values in Rakesh (2000): 
Uz = max{ Zip, 22k, aby Zk}; we get: 


x* = (2.8140, 8.1860, 0, 4.1860, 1.8140, 9), 


Z* = (Zx, Z%, Z*) = (109.0930, 104.6977, 63.6977). 


Applying Algorithm (Rakesh et al (1997)), we obtain the following solution: 
x* = (2.3448, 8.6552, 0, 4.6552, 1.3448, 9), 


Z* = (Z%, Zk, Z) = (109.3275, 101.4136, 60.4136). 


Applying Algorithm (Rakesh et al (1997)), but in Rakesh (1987) U;, = max{Zin, Zor,---,ZKx}, 
we get : 
x* = (2.8138, 8.1862, 0, 4.1862, 1.8138, 9), 


Z* = (Zx, ZX, Z*) = (109.0930, 104.6977, 63.6977). 


Above results show that the solutions obtained is nearer to the ideal solution (107,89,51) 
than the solutions (109.3275, 101.4136, 60.4136), (109.0930, 104.6977, 63.6977) and (109.0931, 
104.6966, 63.6966). Hence, we have obtained the better optimal compromise solution by the 
fuzzy relaxed algorithm with a new upper Ux. 


§5. Concluding remarks 


In this paper, we suggested a fuzzy relaxed approach for the multi-objective transportation 
problem by using y-operator which allow some degree of compensation between aggregated 
membership functions. As the solvability of the resulting problem is not generally guaranteed, 
we turn the resulting problem to the single objective linear programming by inequalities, the 
optimal compromise objective values are obtained. Simultaneously the compensation degree y 


of y-operator is obtained. 
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§1. Introduction and Results 


For any positive integer n and m > 2, the Smarandache-type function B,,(n) is defined as 
the largest m-th power dividing n. That is, 


By, (n) = max{az™: a2” |n}(Vn € N*). 


For example, Bo(1) = 1, Bo(2) ra 1, Bo(3) = 1, Bo(4) = 2, Bo(5) = 1, Bo(6) = 1, B2(7) aa 1, 
Bo(8) = 2, Bo(9) = 3, --- . This function was first introduced by Professor Smarandache. In 
[1], Henry Bottomley presented that B,,(n) is a multiplicative function. That is, 


(Va,b € N)(a,b) =1=> B,,(a- b) = By (a) - By (0). 


It is easily to show that B,,(p*%) = p’™, a = im +1, (i > 0,0 < 1 < m), where p is a prime. 


So, if n = p?'p5? ---p& is the prime powers decomposition of n, then the following identity is 
obviously: 
By(n) = Bm (pT p3? pe") = PE py pe, 


where aj;= jm + l, (i; >0,0< lj < m). 
Similarly, for any positive integer n and any fixed positive integer m, we define another 


Smarandache function C,,,(n) as following: 
Cm(n) = max{x € N:a™|n}(Vn € N*). 


Obviously, C,,(n) is also a multiplicative function. 
From the definition of B,,(n) and C;,,(n), we may immediately get 


By(n) = Cm(n)™. 
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Now let k be a fixed positive integer, for any positive integer n, we define the arithmetical 
function 6,(n) as following: 


dx(n) = max{d: d|n, (d,k) = 1}. 


For example, d2(1) = 1, 62(2) = 1, 62(3) = 1, 62(4) = 1, 63(6) = 2,---. About the 
elementary properties of this function, many scholars have studied it and got some useful results 
(see reference [2], [3]). In reference [2], Xu Zhefeng studied the divisibility of 6,(n) by y(n), and 
proved that y(n) | 6,(n) if and only if n = 2°3°, where a > 0, 8 > 0, a,G € N. In reference 
[3], Liu Yanni and Gao Peng studied the mean value properties of 6;(bm(n)), and obtained an 
interesting mean value formula for it. That is, they proved the following conclusion: 

Let & and m are two fixed positive integers. Then for any real number x > 1, we have the 


asymptotic formula 


2 


n) =" ¢(2m) pr +1 ait 
D5 (bml")) = Sey Ler) +O(a?**), 





n<ux 


where ¢ denotes any fixed positive number, ¢(s) is the Riemann zeta-function, and II denotes 


pik 
the product over all different prime divisors of k. 


Let A denotes the set of all positive integers n satisfying the equation B,,(n) = 6,(n). 
That is, A= {n € N, B,,(n) = 6x(n)}. In this paper, we using the elementary method to study 
the convergent property of the Dirichlet series involving the set A, and give several interesting 
identities for it. That is, we shall prove the following conclusions: 

Theorem 1. Let m > 2 be a fixed positive integer. Then for any real number s > 1, we 
have the identity: 


cna ace) 
2, SS - : 
n=1 p\k Pp 
neA 


Theorem 2. For any complex number s with Re(s) > 2, we have the identity: 








S- nr) = ¢(ms — 1) Il i +r , 
n=1 p\k p* 


neA 


where ¢(s) is the Riemann zeta-function, and II denotes the product over all primes. 
P 


§2. Proof of the theorems 


Now we complete the proof of our Theorems. First we define the arithmetical function 
a(n) as follows: 
1, if nEeA, 


0, if otherwise. 


a(n) = 
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For any real number s > 0, it is clear that 





2 
= [+ 
I 
lag: 
|S 
\ 
Ma 
3 [+ 


n=1 n=1 n=1 
neEA 
co co 
1. : 1, : 
and y — is convergent if s > 1, thus ) — is also convergent if s > 1. Now we find the set A. 
ns ns 
n=1 n=1 
neA 


From the definition of B,,(n) and 6,(n) we know that B,,(n) and 6,(n) both are multiplicative 
functions. So in order to find all solutions of the equation B,,(n) = 6,(n), we only discuss the 
case n = p®. Let a = im+1, where i > 0,0<1<_™m, then B,(n) = p'™. If n = p%, (p,k) = 1, 
now 6x(n) = p®, then the equation B,,(n) = 6,(n) has solution if and only if a = im, i > 0. 
If n = p*, p | k, now 6x(n) = 1, then the equation B,,(n) = 6;,(m) has solution if and only if 
a=1,0<l<m. 


Thus, by the Euler product formula, we have 


























n=1 p P 
neEA 
1 1 1 1 1 
= (1 ps | ps , i sor) IC ' pms | p2ms | ) 
p\k pik 
De 1 
— P 
7 1-4 Il; - 
p|k P* ptk pe 











P™* vk 3s 
(gas) 
— ¢(ms) II 1 me 
p\k p* 


This completes the proof of Theorem 1. 


Now we come to prove Theorem 2. Let s = 0 + it be a complex number. Note that 


co Bm 
By,(n) <n, so it is clear that y Bath) is an absolutely convergent series for Re(s) > 2, by 
n 


n=1 
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the Euler product formula and the definition of B,,(n) we get 



































1 Bin Bn Bear 
yo Ae) = Tp (1+ Ae 4 Anes...) 
n=1 Uh p P D 
neA 
_ I1(: Bm(p) , Bmp?) a 
ik ps pes pim—1)s 
Bm m By 2m 
Ty (1+ 2a@MD Balm... 
nik p Pp 
1 1 1 _ 
= (+5 pet + Sees) +25 + 5+ ) 
pik ptk 
l- oe 1 
_ P 
_ II 1 1 Ls 
alle P* ptk pms—t 
1 (ese) 
- He 1 II ce 5 
p promt nik p 
(os 
p\k pe 


This completes the proof of Theorem 2. 
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Abstract We exhibit expressions, in terms of Pauli matrices which directly generate Lorentz 
transformations in special relativity. 


Keywords Pauli matrices, Lorentz transformations. 


In space time an event is represented by (x/) = (ct,x,y,z), 7 = 0,...,3, with the metric 
(gjr) = Diag(1,—-1,—1,—1). If it is necessary to employ another frame of reference, then the 
new coordinates £" are connected with x/ via the linear transformation: 


= Lia", (1) 


where the Lorentz matrix L verifies the restriction: 


Li 9rj Lb = Gab; (2) 
because the Minkowskian line element must remain invariant under L, that is, @°%, = x" 2,. 
From (2) we see that L has six degrees of freedom, which permits to work with four 


complex numbers a, 3,7,6 such that ad — Gy = 1, then the components of homogeneous 


Lorentz transformation L can be written in the form [1]-[4]: 














i= $(aa* + BB* +y7* + 66"), LY = $(a*B + 7*6) + c.c., 

LQ = d(a*B+7*6) +e.c., L§ = $(aa* — BB* + yy* — 56") 

Lh = $(a*y + B*6) +.c.0c., Lt = $(a*d + By*) +.c.0c., 

i= ae )+ec., Ly = $(a*y — 8*6) +. .c., (3) 
Lg = k(ay* — 8*5) + ec, Li = £(ad* + By*) +e.c., 

L3 = $(a*d — . )+cc., L3 = d(ay* + B*6) + ec, 

Lg = $(aa* + BB* — y7* — 66"), L3 = $(a*B—7*5) +e.c, 

L3 = 3(a*8 — 76) +e, L3 = 3 (aa* — 88" — y7* + 55*) 





where c.c. means the complex conjugate of all the previous terms. Therefore, any 2 x 2 complex 
matrix [5]-[8]: 
Qa 
U= p , DetU = ad — By = 1, (4) 
y oO 
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generates one Lorentz matrix through (3). 
The following relations, which are not explicitly in the literature, give us directly all the 
components (3): 


Lt = AU 6% oy, wx =1,2,8, 
Lk = dot. Qi", u=0,...,3, (5) 
LD) = — 50 je R™, v=1,2,3, 
such that: 
a* ok 
yt = ’ | @=uu', R=U', (6) 
ici 6* ~ 


with the Infeld-van der Waerden symbols [9]: 


1 0 0 1 
(08) = (Goa) =I = (045) = (—010b) = On = 
0 1 1 0 
0 1 O ”) 
i 
(0%,) = (—02ab) = —Fy = : ) (34) = (-03 ab) = 02 = ) 
-—i 0 0 -l 


where o;, j = x,y,z are the known Pauli matrices [6]-[8], [10]. 
The expressions (5) are originals and they show explicitly a direct relationship between L 


and U, which may be useful in applications of spinorial calculus [9] in Minkowski spacetime. 
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Abstract For any positive integer n, the F.Smarandache LCM function SL(n) is defined 
as the smallest positive integer k such that n | [1,2,--- ,k], where [1,2,--- ,&] denotes the 
least common multiple of 1,2,--- ,&. The main purpose of this paper is using the elementary 
methods to study the mean value properties of P(n)SL(n) and p(n)SL(n), and give two 


sharper asymptotic formulas for them. 
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§1. Introduction and Results 


For any positive integer n, the famous F.Smarandache LCM function SL(n) defined as the 
smallest positive integer k such that n | [1, 2, ---, k], where [1, 2, --- , k] denotes the least 
common multiple of 1, 2, ---, k. For example, the first few values of SL(n) are SL(1) = 1, 
SL(2) = 2, SL(3) = 3, SL(4) = 4, SL(5) = 5, SL(6) = 3, SL(7) = 7, SL(8) = 8, SL(9) = 9, 
SL(10) = 5, SL(11) = 11, SL(12) = 4, SL(13) = 13, SL(14) =7, SL(15) =5, ---. About the 
elementary properties of SZ(n), some authors had studied it, and obtained some interesting 
results, see reference [2] and [3]. 

For example, Lv Zhongtian [4] studied the mean value properties of SZ(n), and proved 
that for any fixed positive integer k and any real number x > 1, we have the asymptotic formula 


| a red Kg, a? x? 


4 
n<a i=2 In’ 





where c; (¢ = 2,3,--- ,&) are computable constants. 
Jianbin Chen [5] studied the value distribution properties of SL(n), and proved that for 


any real number x > 1, we have the asymptotic formula 


2 2 5 x2 x2 
SH (sein) - Peny? = 2 -¢(3) Ero ) 


2 
nee lIn* x 





where ¢(s) is the Riemann zeta-function, and P(n) denotes the largest prime divisor of n. 

The main purpose of this paper is using the elementary methods to study the mean value 
properties of P(n)SLZ(n) and p(n)SL(n), and give two sharper asymptotic formulas for them. 
That is, we shall prove the following two conclusions: 
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Theorem 1. For any real number x > 1, we have the asymptotic formula 


3 


P(n)SL(n) = 23 + +0(—ar), 
» a ar rd ar 





where P(n) denotes the largest prime divisor of n, and c; (i = 1,2,--- ,k) are computable 
constants. 


Theorem 2. For any real number x > 1, we have the asymptotic formula 


Y_P(n)SL(n) = 28 SO -— +O (a -) 





n<a i=1 n 
where p(n) denotes the smallest prime divisor of n, b; (i = 1,2,--- ,k) are computable constants 
1 
and by = 3 








P 
Whether there exist an asymptotic formula for s ee and S an is an open 
nr nm 
n<ux 


n<u 
problem. 


§2. Proof of the theorems 


In this section, we shall use the elementary methods to complete the proof the theorems. 
First we prove Theorem 1. In fact for any positive integer n > 1, let n = pf'!ps?---p?* be 
the factorization of n into prime powers, then from [2] we know that 


SL(n) = max{py',p5?,--- pS}. (1) 


Now we consider the summation 


Y= P(n)SL(n). (2) 


nx 


We separate all integer n in the interval [1,2] into four subsets A, B, C and D as follows: 

A: P(n) > Vn and n=m- P(n), m < P(n); 

B: ni < P(n) < /n and n=m- P?(n), m< ns; 

C: nb < pi < P(n) < /nand n= m- p;- P(n), where p; is a prime; 

D: P(n) < ns, 

It is clear that if n € A, then from (1) we know that SZ(n) = P(n). Therefore, by the 
Abel’s summation formula (See Theorem 4.2 of [6]) and the Prime Theorem (See Theorem 3.2 
of [7]): 





k 
ay: x Zz 
n(x) = S- +O (5 -) 


7 
ra In’ ax 


where a; (t= 1,2,...,&) are computable constants and a; = 1. 
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We have 


S> P(n)sL(n) = SPQ)? = VP= > Y Pe 


neEA neA mpCu M<VJ/zMm<p<Ke 
m<p 
x xv m 3 
= —T (=) -f 2ym(y)dy + O (m”) 
m m Wh 





3 Lk 3 
x b; x 
ae (=aurrz)} 
k 
b; x 
= 6(3) 2° - -0(=5-), (3) 





1 
where ¢(s) is the Riemann zeta-function, b; = 3? b; (¢ = 2,3,--- ,&) are computable constants. 


Similarly, ifn € C, then we also have SL(n) = P(n). So 


Trou = Yr=-y VY se 


nEC mpipSx 3 <./Z PSPS 
= m<a23s M<pis >pym 
m<pi<p = ™ 


Ba 


a ae > ine” (sen) viet) ~ f° dyna 


1 1 
m<a3 M<PISV/ 











eae 3 3 
=, a Ol ae aes 
m3 = aS m3 Inkt} & 
m<23 i m m 
k 
h; x? 
3 a 
= ps —+0O ; 4 
= In’ x (<ar-)] (4) 
where h; (i = 1,2,--- ,&) are computable constants. 


Now we estimate the error terms in set B. Using the same method of proving (3),we have 


SP()sl(n) = YDpP= dv DY B 





neB m-p2<ax m<ax m<p</E 
4 = yl 
¢( ) a In? r (aie -| 
= O(2?). (5) 


Finally, we estimate the error terms in set D. For any integer n € D, let SL(n) = p*. We 
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assume that a > 1. This time note that P(n) < n3, we have 


Ss PHsLo) = JS, epr< JF oe 
neED mp* <a mp? <x 
a>lpses a>lpses 
< pe So 1 
pe <a ms Se 
a>lp<23 
K « SO pKa (6) 
peSx 
a>l,p<23 


Combining (2), (3), (4), (5) and (6) we may immediately obtain the asymptotic formula 








S$" P(n)SL(n) = S° P(n)SL(n)+ S> P(n)SL(n) 
n<ux neEA neB 
+ So P(n)SL(n)+ S> P(n)SL(n) 
nec neEeD 
Bs Ge x? 
3 4 
= : —+0O|——— }. 
* 2, In’ ax (er -| 
where P(n) denotes the largest prime divisor of n, and c; (¢ = 1,2,--- ,k) are computable 


constants. 

This proves Theorem 1. 

Now we prove Theorem 2. We separate all integer n in the interval [1, xz] into four subsets 
A, B, C and D as follows: A: n= 1; B: n= p*,a> 1; C: n = ph p??, a; > 1, @= 1,2); D: 


n = py'ps?--- pes, a; > 1, @ =1,2,--- ,s), s > 3. p(n) denotes the smallest prime divisor of 
n, p(1) =0 and SL(1) = 1. Then we have 
Y> v(n)SL(n) = $5 v(n)SL(n) + SO v(n)SL(m) + SS p(n) SL(n). (7) 
n<a neB nec neD 


Obviously if n € B, then from (1) we know that SL(n) = p*. Therefore, 


S> p(n) SL(n) SS ppt = Sov? + YO prt 


ne€B pe<sx psa peSa 
a>2 


= a«?x(x)- i 2yn(y)dy + O S- S- aa 





= x°x(xr)— a 2yn(y)dy + O (<3) 


= 3 ag] (8) 
== >> r Intl yg} 





where b; = =, b; (4 = 2,3,--- ,&) are computable constants. 


Wl rR 
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If n € C, then n = p{'p$?, where p; < pz, and SL(n) > \/n, so we have 


So p(n)SL(n) = S-> SL(ptp$?)pi 
nec pips? <a 
ii, 
= DY Dd wpemt dS DD pea <se. (9) 
pt Sv@ pa" Sar Po? SV py! Say 


Finally, we estimate the error terms in set D, this time, n = p{'p$? ---p%*, where s > 3. 
Therefore, n3 < SL(n) < Vn, and p(n) < n3, so we have 
Y= p(n)SL(n) K So nkn? Ka. (10) 


neD n<x 


Combining (1), (7), (8), (9) and (10) we may immediately obtain the asymptotic formula 


x b; x? 
S" p(n)SL(n) = 2° - De o(=ar), 


n<ux i=l In 





where p(n) denotes the smallest prime divisor of n, and b; = b; (¢ = 2,3,---,k) are com- 


1 
3 ’ 
putable constants. 

This completes the proof of Theorem 2. 
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Abstract In the uniformly smooth Banach spaces, we discuss Ishikawa iterative approxima- 
tion problem of fixed points for multi-valued ¢—strongly pseudo-contract mappings. Firstly 
we proved the strong convergence theorem of Ishikawa iterative sequence with error approx- 
imation multi-valued ¢—strongly pseudo-contract mappings, then the theorem of Ishikawa 
iterative with error convergence strongly to the unique solutions of the equation f € Tx 
and f € Tx+-< for multi-valued ¢—strongly accretive are proved. Our results extend and 


generalize the results in reference [1]. 


Keywords ¢-—strongly pseudo-contract, ¢—strongly accretive, fixed point, iterative sequence. 


§1. Introduction and preliminaries 


Let X be a real Banach space with norm ||- || and dual X*. F(T) denote the set of all fixed 
points of T. The normalized duality mapping J: E — 2%” is defined by: J(a) = {f € X*: (x, 
f) = |la|| - || fl, lll] = || fl] }. Where (-,-) denotes the generalized duality pairing. 

It is well known that if X is uniformly smooth, then J is uniformly continuous on bounded 
subset of X. We denote the single-valued normalized duality mapping by j. 

Definition 1. Let X be an arbitrary real Banach space and K be a nonempty subset in 
X. Suppose that T: K — 2* is a multi-valued mapping. 

1) T is said to be strongly accretive. If Vz,y € K and VE € Tx, Vn € Ty, there exist a 
j(x—y) € J(x—y) such that (€—7, j(x—y)) > killa —y||?. Where k > 0 is a constant. Without 
loss of generality we assume k € (0, 1). 

2) T is said to be d—strongly accretive. If Va,y € Kand VE € Tx, Vn € Ty, such that 
(€-—n, j(a@—y)) > O(||x— yll)||2 —y||. Here exists a j(a—y) € J(a—y) and a strictly increasing 
function ¢: [0,+00) — [0,+00) with $(0) = 0. 

3) T is said to be strongly pseudo-contractive. If J — T is strongly accretive. Where I 
denotes the identity mapping. 





1Foundation item: The project supported by the Shanxi Natural Science Foundation (2005A21). 
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4) T is said to be ¢—strongly pseudo-contractive. If J —T is ¢—strongly accretive. Where 
I denotes the identity mapping. This implies that Vz,y € K and VE € Tx, Vn € Ty such that 
(€-n, j(@—y)) < |x -yll? — O(||z@ — yl) lz — yl]. Here exists a j(a—y) € J(a—y) and a strictly 
increasing function ¢: [0,+oo) — [0,+00) with ¢(0) = 0. 

Definition 2. (1) Let X be an arbitrary real Banach space and K be a nonempty subset 





of X. Suppose that T.: K — 2* is a multi-valued mapping. {a,}, {G,} are two real sequence 
in[0,1], then for any given zo € K, the sequence {x,,} defined by 


Engi € (L—an)an + AnTYyn + Un, 


1 


is called the Ishikawa iterative sequence with error for T. Where {u,}, {vn} are two bounded 


sequence in K. 
(2) If Bp = an(Vn € N) in (1), the sequence {x,,} defined by 


tinge © (Ll Oy ta Pg l 2a tale 0) (2) 


is called the Mann iterative sequence with errors for T. Where {u,,} is bounded sequence in K. 

Recently, the questions of Ishikawa iterative approximation of fixed points for multi-valued 
g—strongly pseudo-contract mappings have been studied by many authors [1-8]. Zhang!!) proved 
the strong convergence theorem which generalizes some results [3-8]. 

The purpose of this paper is to extend Theorem 2.1 in [1] in the following ways: 

(1) The assumption that K is bounded have be removed. 

(2) The assumption of the uniformly continuity of have be removed. 

(3) The methods of proof have be improved. 

And we investigate the problem of Ishikawa iterative sequence approximating to the unique 
solution of the equation f € Tx and f € Tx+< for multi-valued ¢—strongly accretive mapping. 

We need the following lemmas. 

Lemma 1.[2] Let X be real Banach space. For Vz, y € X, there exist a j(a—y) € J(a—y) 
such that ||a—y||? < ||a||? +2(y,j(x-y)). Where J: X — 2*” is the normalized duality mapping. 

Lemma 2. Let X be real Banach space and K be a nonempty subset of X. T : X — 2* 
is a multi-valued ¢—strongly accretive mapping. Vf € K, the mapping S : K — 2* defined by 
Sa = f—Ta+a. If Va,y € Kand VE € Tx, Vn € Ty, here exists a j(a — y) € J(a —y) anda 
strictly increasing function ¢ : [0,++co) — [0, +00) such that (€—n, 7(a—y)) > o(|Ja—yll)|lz—yll, 
such as the mapping S$ : K — 2* is a multi-valued ¢—strongly pseudo-contractive. 

Proof. T : K — 2* isa multi-valued ¢— strongly pseudo-contractive for VE € Sx, Vn € Sy, 
here exists €£; € Tx, m € Ty, j(@ — y) € J(a— y) such that (€—7,j(@ —y)) = ((f-G&+2)- 
(f—mt+y),5(@—y)) = (e@—-y,5(@—y)) — (1 —m, 5(@— y)) ¥ lle — yl? — d(llz — yl] — yl. 
Hence S$: K — 2* is a multi-valued ¢—strongly pseudo-contractive. 








The following results extend the theorem 2.1 in [1]. 


§2. Main Results 


Theorem 1. Suppose that X is an uniformly smooth real Banach space and K be a 
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nonempty closed convex subset of X. T : K — 2* is a multi-valued ¢—strongly pseudo- 
contractive and the range R(T) is bounded. Let {un}, {vn} are two bounded sequence in K, 
{ay}, {8,} are two real sequences in [0,1] satisfying the conditions: (1) a, — 0, Bn — 0(n — ov) 


So an = 0; (2) |lun|| = o(an),||un|| ~ O(n — oo). If F(T) = {2 € K: 2 € Tr} S$ , then 
0 





Vien € K, the Ishikawa iterative sequence with errors {x,,} defined by (1) strongly converges to 
the unique fixed point of T in K. 

Proof. Let ¢ € F(T) #4 0, then F(T) = {q}. If p € F(Z), then p € Tp. Moreover there 
exist some j(«—y) € J(a—y) such that ||p—q||? = (p—q, j(p—@)) < |lp—all?-9(||p—all) lp—all- 
It follows that (|p — ||) |lp — q|| < 0. From the definition 1, we know that p = q. It implies 
that F(T’) = {q}. 

Let {tn}, {Yn} is the Ishikawa iterative sequence defined by (1), there exists €, € Tx, and 
Mn € Tyn, such that 





In+1 = (1 = Qn)Ln ae AnNn ar Un) 











(3) 
By using Lemma 1, we have, 
lItnti— all? = || —an)(tn — @) + n(n — 9) — Unll? 
< (1 = On)? || en > q\|? Tv 20g He ~ 9,3 (Sn41 in q)) + Aun, I (Sn41 — q)) 
= (1— an) |¢n — 4l|? + 20n (tn — % 5(tn41 — 4) — G(Yn — 9) 
+2an (tn — % (Yn — 9) + 2(Un, j(@n41 — ))- (4) 


Because ||u,,|| = o(@,,), hence there exists 6, + 0(m — oo) such that ||un|| = andn(Vn > 0). 
Let 0 < 6, <1(Vn > 0). The range R(T) is bounded. Let M; = sup ||€ —q||+||zo — q|| +1. 
feR(T) 





First we proof: 
lltn — || < Mi(vn > 0). (5) 


If n = 0, it is easily seen that (5) holds. Suppose that for n (5) holds. For n+ 1, we obtain 





ll?nt1— al] = | —an)(@n — 9) + On(tn — 4) — Url 
< (L—an)||@n — al] + @nllltm — all + dn] < Mi. 














lyn — tn|] = |] — Bn)an + Bn&r + Un — &n| 
<  Bnllan — nll + llvnll 
<  Palllan — all + [lm — all] + [len 
< 28,M, + |lrnll- 
Thus 
llyn — 2n|| + O(n — ov). (6) 


Since ||yn — ql] < [lyn — £n|| + |lan — q||, then the sequence {y,, — q}°2, is bounded in K. Now 
let M = M, +sup ||yn — q||. We have 
n>0 








(tnt. -—@ — (Yn - Dil = |] - an(en — g) + On(tn — @) — Un + Bn(@n — @) — Bn(En — @) = nll 
2[an + Bn]M + |[unl| + ||n|| > 0(m — ov). 


IA 
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Because X is uniformly smooth, then 7 is uniformly continuous on bounded subset of X, we 
obtain ||j(%n+1 — @) — JYn — || > O(n — 00). Let €n = (Im — GI(M@n+1 — 2) — IYn — 9): 
We have e,, > 0(n — co). Since T is ¢— strongly pseudo-contractive mapping. Then it follows 
form (4) that 

Iltn41 — ||? < (1 — an)? lan — all? + 2anen + 2an||¥n — al? 








—2anP(||¥n — all) Il¥n — all + 2|lunll - en4a — all. (7) 





Il2/n — q\|? = He! Gn) @n + Bn&€n + Un ql? 
Il(@n — 2) — Bn(tn — 9) + Bn(En — @) 4 Unll? 
( Bay itn = ql|? + 28n (En — G5(Yn — Q)) + 2(Un, (Yn — @)) 


<(1—Bn)*|len — al? + 26nM? + 2\lun|.M. (8) 





IA 


Substituting (8) into (7), we have 





[ae = ql? < (1 _ On)” len q\|? + 2A En + 2a, (1 Bn)? ||an = ql|? 


+ 2an(28nM? + 2\ln||M) — 2an$(\l¥n — all) lyn — al] + 2llunll + llan+a — all 








< |ltn — Il? — and(llyn — all)IlYn — all + Onn — O(llYn — all) l¥n — alll, (9) 
where An = (An + 287)M? + (Allun|| + 26n)M + 2en. 
Since 
lim a, = lim 6, = 0, 
and as n > 00, ||Un|| > 0, dn — 0, en — 0. 


We obtain A, > 0(n > co). We show that 
inf Ilya — all = 0. 


If not assume that 
af Yn _ q| =d>0, 


that for every n > 0, |/yn — g|| = 6 > 0, hence 


Allyn — all) llyn — all = (5)d > 0. 


Since 
lim A, = 0, 
n—co 
we see that, there exists some fixed No € N, such that 


An < $(6)6, 


for alln > No. 
From (9), for every n > No, we have 


lena — Ql? < lan — all? — onG(9)6. 
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Leads to ~ 
5)5 So an < Ilan, — all’, 
n=No 


which is in contradiction with the assumption that 


oo 
) An = 
n=0 


Hence there exists a subsequence ||y,, — q||721 of |lyn — q||7.,, such that ||yn, —¢|| > 0(i — oo). 


Using (6), we have 


Il, — g|| + O(¢ > 00). 





We have 
Ve > 0, dig € N, Vi > io, |lan; — @|| <e. (10) 
Suppose that lim Qn = Jim, Bn = 0, |lun|| > O(n > ov), |lvn|| — O(n — oo) and 
lim A, = 0, then fier exists sore N, € N(N, > No). Vn > Nj, such that 0 < an < aga, 


O< Bn < Ea llunll < § llonll < §, 9S An < O(§)e- 
Now we want to prove that 


lI2ni+% — all <e. (11) 
as n; > N, for all K € N and Vi > io. Then k = 1, if ||an,41 — q|| > ¢, then Vnj > M1, 










































































I|fne44 —ql= Il(2n; =@) 45 On; (Nn: _ ha) + Un; p= @ll4- On; ||MIng — Lnj |] lun : 
Hence lltn; — ql 2 [Pris _ all — An, |" ni — Lnj || — lun >e-2M TéM — 8 = ze > 0, 
lf || = eee ly ral = 
3 € e 1 
> 2M = > 0. 
- 4 16M 8 


Using (9), (10) and definition 1, we have, 
om = ]Erign — all? < Zn; _ ql? + Ani Ani _ 2an, P(l¥n: ~~ a\\) Yn _ q|| 
€ E,E 
< e+ dn, 2an, =e, 
KP tano(Se —2an,(5)5 =e 
This is a contradiction. Suppose that ||¢n,+%— || < ©, we show that ||a,4+%41 —4q|| < e. If not, 


assume that ||@n,4+441 — q|| > ¢, then 

















E E 3 
l2ni+k = all 2 l2nith44 = all =~ On, +k|l"ni+k _ Ln; +kll 7 ||Un, +k >e-2M 16M 3 = ri >0 
| >I Il — Bnrallé (Well ee ee 

_th — Ln. tk — — Dy. th — XL. — |Un.4b = 
Ynitk — QV) 2 nitk — | ni tk ||Sni+tk nitk ni tk ml 16M 8 5 
F< |ltngrteta — all? < lente — al? + AniteOnitk — 20n,440((lYnite — al)Ilynere — 4 


€ e.€ 
< e*+ Oni +kO(5)E = Zant (5) 5 =e, 


which is a contradiction. So we can deduce that lim ||x,, — q|| = 0. 
n—co 
This completes the proof. 
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§3. Ishikawa iterative process for solution of the equation 


Theorem 2. Suppose that X is an uniformly smooth real Banach space and K be a 
nonempty convex subset in X. T: K — 2* is a multi-valued ¢—strongly accretive mapping, 
where {an},{Gn} are two real sequences in [0, 1], and {u,},{v,} are two bounded sequences in 
K satisfying the condition: 


(1) Qn  0,Bn 4 0(n > 00), San = 00; 
n=0 





(2) |lun|| = o(an),||v%n|| + O(n — oo). Vf € K, for every x € K, the mapping S$: K > 2* 
defined by Sx = f —Tx+a. The range R(S) is bounded. If F(S) 4 9, then for Vro € K, the 
Ishikawa iterative sequence with errors {z,,} defined by 


Eni € (1 —an)an + anSYn + Un, 
Yn © (1 = BrJ@x + BpSXn + Un, 


strongly converges to the unique solution of equations f € Tx. 

Proof. Let ¢ € F(S) 4 ¢, then g € S(q) = f —Tq+q. We have f € Tq. Since T is 
a multi-valued ¢-strongly accretive mapping. By lemma 2, the mapping S : K — 2* defined 
by Sa = f —Tx+< is a multi-valued ¢strongly pseudo-contractive. Since the range R(S) is 
bounded, by theorem 1, {,,} strongly converges to the unique fixed point gq of S in K, then the 
sequence {x,,} strongly converges to the unique solution g of equations f € Tx. This completes 
the proof. 

Corollary. Suppose that X is an uniformly smooth real Banach space and Kk be a 
nonempty convex subset in X. T: K — 2* is a multi-valued ¢—strongly accretive mapping, 
where {a,,}, {G,} are two real sequences in[0,1], and {u,}, {vn} are two bounded sequence in 
K satisfying the conditions: 


(1) an > 0,8n — O(n — ov), > in = oe 
n=0 





(2) ||un|| = 0(an), ||vn|] + O(n — 00). Vf € K, for every x € K, the mapping S$: K — 2* 
defined by Sx = f—Tx. The range R(S') is bounded. If F(.S) 4 0, then Vzo € K, the Ishikawa 
iterative sequence with errors {x,,} defined by 


In41 € (1 —an)en t+ AnSyn t+ Un, 
Yn © (1 = Balt E BnSXn + Un; 


strongly converges to the unique solution of equations f € Tx+ a. 

Proof. Let T’ = I + T, it follows f € Tx + x and f € Tx. By the theorem 2, the 
sequence {xz,,} strongly converges to the unique solution of equations f € T x. The sequence 
{x,} strongly converges to the unique solution of equations f € Tx +a. 


This completes the proof. 
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Abstract In this paper, we study the divisibility of the Smaradache combinatorial sequence 
of degree r, and prove that there has only the consecutive terms 1, 2, 3 of the Smarandache 


combinatorial sequence of degree 3 are pairwise coprime. 


Keywords Smarandache combinatorial sequences, divisibility, congruence. 


§1. Introduction and Results 


Let r be an integer with r > 1. We define the Smarandache combinatorial sequence of 
degree r as SCS(r) = {a(r,n)}°2, , where a(r,n) =n (n=1,2,--+ ,r), and a(r,n) (n > 1) is 
the sum of all the products of the previous terms of the sequence taking r terms at a time. In 
[1], Murthy asked that how many of the consecutive terms of SC'S(r) are pairwise coprime. Le 
Maohua [2] study the divisibility of the Smaradache combinatorial sequence of degree two, and 


obtained the following conclusion: 
e For any positive integer n , we have a(2,n + 1) = 0(mod a(2,n)). 
e There has only the consecutive terms 1, 2 of SC'S(2) are pairwise coprime. 


In this paper, we use the elementary method to study the divisibility of the Smaradache 
combinatorial sequence of degree r and prove the following results: 
Theorem. Let a(r,n) = b(n), ifn > r, then we have 


b(n) = - (x Hs) y> al = -b (1)b72(2)++-b" (a o} ’ 
i=0 aa 


T L 





where 
n—-1 
I= {rere wel Ye =r, 0O<T< ‘} 
i=l 
any r components of the vector (71, 12,--+ ,%—1) can’t equate to 1 at the same time. 


Corollary 1. Let n, r are two positive integers, if n > r, then we have 
a(r,n +1) =0(mod a(r,n)). 


By the above corollary 1, we may immediately obtain the following corollary. 
Corollary 2. There has only the consecutive terms 1, 2, 3 of SC'S(3) are pairwise coprime. 
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§2. A simple lemma 


To complete the proof of the theorem, we need the following simple lemma. 

Lemma. Let r, 71, T2°+:Tn are positive integers and 61, b2,:-- ,b, are arbitrary real 
numbers, we have 
r! 


(b) + bg +--+ +bn)" = S- 


rytreat--trn=r 
O<ri<r 


Bb. BP, (i= 1,2,--- , n). (1) 


ry!ro!-++r,! 


Proof. We use induction on n. 


The formula (1) is true for n = 1. If n = 2, then we have 





: 7 rho r! ee “ 
The right hand of (1) = bt Fate "be + = aii”! 1b8 tee + OS 


3 Cbs 
i=0 


= (6, + b2)" = the left hand of (1) 


Therefore, the formula (1) is true for n = 2. Assume that the lemma is true for n < k, if 
n= k-+1, then we have 


r! 
Tiz,r2 TeLRTk+1 
> Sm aL a 
T1:TQ:0° *Tk+1: 
rytrat: +re41= 7 
O<ri<r 

Tripr r 

_ 1 2 ee se k 

= 3 ee 


rylra!--+ rz! 
rytrote-trp=r 1h2 k 





O<r;<r 
r—1)! 
ee oy DE Dk 
rytrgatetrper-l 1! 2: k- 
O<ri<r-1 
r—2)! 
ai C2 (2) pripre grape esas 
— ry!rol+-- rp! 1 “2 k Vk+1 
O<rj<r—2 
1 
+4 cr} re repr} +0 
" a rytra} oe rp! : k k+1 k+1 
O<ri<1 
= (by + bg +--+ 4+ by)” + Ch(by wif. bo bees + bE) Dead 
OA ds Bg eves Bg) OBR Ly ee 
+ CPt (by + bo +--+ + de) ORS + Oh yr 











= SCi (br + bz +++ + bg) bas 
i=0 
= (by + bg +--+ + bp41)". 


Thus, the lemma is proved. 
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§3. Proof of the theorem 


In this section, we shall complete the proof of the theorem. Let a(r,n) = b(n), then from 
the definition of SC’S(r) we know that b(1) = 1,6(2) = 2,--- ,b(r) =r. Ifn > 1, then we get 
from (1) that 


n—-1 
M4 rl 4 TT? Tn-1 
i=0 rytret:-+rn—1=" 


O<ric<r 


By the definition of SCS(r) and formula (2), we have 





where 
n-1 
T= {trora sTn—-1)| be = 7; 0 < Tj < | : 
i=1 
any r components of the vector (71, 172,-++ ,%—1) can’t equate to 1 at the same time. 


Thus, the theorem is proved. 
From the formula (2), we also have 


b(n +1) = - (>: Hs) 3 — — -b"(1)b"2(2) +++ bl" om} (4) 
i=0 J : ms 




















where 
J= {trina p tlh =T7T, 0 < r% < | ; 
j=1 
any r components of the vector (71, 72,--+ , 7%) can’t equate to 1 at the same time. 
Since 
b(n + 1) — b(n) 
1 ” . r! = 
SS . iat T2 Ayer _ : 
= 5] (do) - or ayoreay aq) - (Yo 
i=0 J i=0 
1 r! 
! B™(1)b"2(2)---B"1(n = 1 
SP ara Tn—1! Ce (n ) 
b( ) n-1 rol ( 1)! 
n r—1)! 
= b(i BT (1)b"2(2)--- b(n —1 
rat (x a) a ( ) ( ) te ) i: 
i=0 K 
where 
n-1 
K= {irene eta=i)| > =r-10<r<r- i} 
i=l 
any r — 1 components of the vector (71, r2,-++ ,%n—1) can’t equate to 1 at the same time. 
Hence 


b(n + 1) — b(n) = Cd(n), 
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where C = a(r —1,n) is a constant. 


Using the properties of congruence, we have 
a(r,n +1) = 0(mod a(r,n)). 


Thus, the corollary 1 is proved . 
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Abstract For any positive integer n, the Smarandache Superior Prime Part P,(n) is the 
smallest prime number greater than or equal to n; For any positive integer n > 2, the 
Smarandache Inferior Prime Part pp(n) is the largest prime number less than or equal to 
n. The main purpose of this paper is using the elementary and analytic methods to study 


the asymptotic properties of a and give an interesting asymptotic formula for it, where 
n 


In = {Pp(2) + pp(3) +++ + pp(n)}/n and Sn = {Pp(2) + Pp(3) +--+ + Pp(n)}/n. 


Keywords Smarandache superior prime part, Smarandache inferior prime part, mean value, 





asymptotic formula. 


81. Introduction and results 


For any positive integer n > 1, the Smarandache Superior Prime Part P,(n) is defined as 
the smallest prime number greater than or equal to n. For example, the first few values of P,(n) 
are P,(1) = 2, P,(2) = 2, P,(3) = 3, P,(4) =5, P,(5) =5, P,(6) =7, P,(7) =7, Pp(8) = 11, 
P,(9) = 11, P,(10) = 11, P,(11) = 11, P,(12) = 13, P,(13) = 13, P,(14) = 17, P,(15) = 17, 
For any positive integer n > 2, we also define the Smarandache Inferior Prime Part 
pp(n) as the largest prime number less than or equal to n. Its first few values are p,(2) = 2, 
Pp(3) = 3, pp(4) = 3, pp(5) = 5, pp(6) = 5, pp(7) = 7, Pp(8) = 7, Pp(9) = 7, pp(10) = 7, 
pp(11) = 11, ---. In the book “Only problems, Not solutions” (see reference [1], problems 
39), Professor F.Smarandache asked us to study the properties of the sequences {P,(n)} and 
{pp(n)}. About these problems, it seems that none had studied them, at least we have not 
seen related results before. But these problems are very interesting and important, because 
there are close relationship between the Smarandache prime part and the prime distribution 
problem. Now we define 


In = {Pp(2) + Dp(3) + +++ + Dp(r)}/n, 


and 





Sn = {Pp(2) + Po(3) +--+ Pp(n)}/n. 


In problem 10 of reference [2], Kenichiro Kashihara asked us to determine: 
(A). If lim (S;,, — I;,) converges or diverges. If it converges, find the limit. 


Sn ! . nid 
(B). If lim 7, converges or diverges. If it converges, find the limit. 


n—Cco n 
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For the problem (A), we can not make any progress at present. But for the problem (B), 
we have solved it completely. In fact we shall obtain a sharper result. 
In this paper, we use the elementary and analytic methods to study the asymptotic prop- 


erties of es and give a shaper asymptotic formula for it. That is, we shall prove the following 
conclusion: 


Theorem. For any positive integer n > 1, we have the asymptotic formula 
Sn, 1 
ales ee. ( -4) 
i i‘ 

From this theorem we may immediately deduce the following: 


Corollary. The limit S,,/I,, converges as n —> co, and 


This solved the problem B of reference [2]. 


§2. Some lemmas 


In order to complete the proof of the theorem, we need the following several lemmas. 
First we have 
Lemma 1. For any real number z > 1, we have the asymptotic formula 


Oy (Daas = Pn) < piste, 
Pn41Sv 

where p,, denotes the n-th prime, ¢ denotes any fixed positive number. 

Proof. This is a famous result due to D.R.Heath Brown [3] and [4]. 

Lemma 2. Let x be a positive real number large enough, then there must exist a prime 
P between x and «+23. 

Proof. For any real number z large enough, let P,, denotes the largest prime with P, < a. 

Then from Lemma 1, we may immediately deduce that 


(Py= Peay eee, 


or 
Ph — Pr-1 < x3. 
So there must exist a prime P between x and x + 23, 
This proves Lemma 2. 
Lemma 3. For any real number xz > 1, we have the asymptotic formulas 
1, 5 
S- P,(n) = 3% +O (x3) ; 
n<x 
and 


Yate) = be? +0 (28). 


n<ux 
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Proof. We only prove first asymptotic formula, similarly we can deduce the second one. 
Let P, denotes the k-th prime. Then from the definition of P,(n) we know that for any 
fixed prime P,., there exist P,,1, — P, positive integer n such that P,(n) = P,. 


So we have 
>= Po(n) = x Pn + (Pa+1 — Pn) 
n<x Pr41Sx@ 
1 1 2 
= 5 S> (P2,,- P?) - 5 S> (Pati — Pn) 
Pasi se Pr4i<a 
1 1 
= 5Pe)-2-5 DE (Pot Pa)’, (1) 


Pr4ice 


where P(x) denotes the largest prime such that P(x) < a. 
From Lemma 2, we know that 


P(x) = 2 +0 (23) . (2) 
Now from (1), (2) and Lemma 1, we may immediately deduce that 
st oe 3 te) _ 1 oo 3 
> Por) = 5 2? +0(a3)+0(2 )=5 a? +0 (a8). 


nN<u 


This proves the first asymptotic formula of Lemma 3. 
The second asymptotic formula follows from Lemma 1, Lemma 2 and the identity 


S- pp(n) = >) Pa (Pe= Pet) 


n<x Pr <x 
1 1 
= 5 a ea) a 
PyrSx Pn Su 
— 1 2 il 2 
= 5) (@) +9 Dd, (Pa Prod) : 


§3. Proof of the theorem 


In this section, we shall complete the proof of the theorem. In fact for any positive integer 
n> 1, from Lemma 3 and the definition of J, and S, we have 


Na 


In = {Pp(2) + Dp(3) + +++ + pp(n)}/n = : ln £0 (n4)| = sn + O (n3) ; (3 
and 
Spe (BD PS) Beck Pa = ~ ln +0 (m8) - sn +0 (n8). (4) 


Combining (3) and (4), we have 





Me 
II 
NIK 
3 
——~ 
= 
NS |” 
II 
=n 
+ 
1) 
o—m~ 
3 
Oh 
NY 





NIK 
3 
— 
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This completes the proof of Theorem. 


The corollary follows from our Theorem as n —> oo. 
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Abstract Using Schauder fixed point theorem,the existence of solutions to the Dirichlet 
problem Au = f(x,u), ulan = 0 is obtained. 
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81. Introduction 
Consider the Dirichlet problem 
(P) Au = f(a,u),c € R;u=0,2 € OR. 


Where 2 is a bounded neighborhood of R” with smooth boundary f :Qx R — Risa 
caratheodory mapping. On research of this problem, most articles always exert some given 
conditions on nonlinear term f, then obtain the existence of solutions with calculus of variations, 
see [1],[2],[3]. In [4], the author exerted Hartman conditions on nonlinear term f studied the 
case n = 1( also see [5]), where Schauder fixed point theorem is used and the existence of 
solutions for problem (P) is obtained. In this paper, we generalize the method of [4] into more 
ordinary problem (P) for the case n > 1). 


§2. The preparing knowledge and the lemma 


Assume | - |p is the norm of L?(Q) space and || - || is the norm of H4(Q) space, which can 
be induced from the following definition of inner product 


(u,v) = 7 Vu- Vudz,u,v € Hy(). 
Q 
Suppose A, is the first characteristic value of —A, then the inequality of Poicare 
1 
| urdz < YL |Vul?dx,u € Hy(Q). (1) 
Q 1 JQ 


holds. 
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Lemma. Yh € L?((), there is a unique solution s(h) to the problem 
(Po) Au —u= h(x), ulag = 0. 


Where the mapping S' : L?((Q) + Hj(Q) is continuous S maps the bounded set of L?(Q) into 
the bounded set of Hg (). 

Proof. Obviously, the solutions of problem (Po) are equal to the critical points of func- 
tional J;,(u) , where 


Jn(u) = [igivur + o + h(x)u(x)]dx,u € H5(Q). (2) 


Thus we can easily know that J), is a strictly convex and lower semi-continuous coercive func- 
tional. We can also conclude that the unique minimum point up is a weak solution of problem 
(Po) and every minimal sequence (V;)xen of functional J;,(u) strongly converges to uo, where 
u € Hj(Q). Define mapping S' as following: 


S: 1?(Q) > Ho(Q), 2 Sth) = uo. 


If (he) ken € L?(Q) is a sequence converging to h and uz = S(hx) is a minimum point of 
Jn, , then (ux)ken is bounded in Hj(Q) space and we have 


In(uo) < Jrlux) = Jn, (ue) + [ e—haunce 





IA 


Th, (uo) + far hy) upd 


re. | (Ge ade 
Q 
So (uz)ken is also a minimal sequence of J; and strongly converges to uo , where uz € 
H}(Q). Thus the mapping S$ : L?(Q) > H}(Q) is continuous. 


Finally, if |kl2 < R, where R is a positive number, then from J;,(S(h)) < J,(0) = 0 and 
ug = S(h), we can obtain 


Vul? UG 
oe : de+ f Bde <|hplulp < Rluol2 < CR 


So the norm ||uo|| is bounded. The proof is complete. 


§3. Main results 
Theorem. If 
|f(x,t)| < C1 + Cat], Va € O,Vt € R, (3) 


where C,, Co, R > 0, such that 


| f(a,u)-udx > 0, (4) 
Q 
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for all u € L?(Q) and |ulg = R, then the problem (P) has at least a solution u such that 
Proof. Define a mapping Pr : L?(Q) — L?(Q), where Pr(u) = u when |ulg < R and 
Ru 


Pr(u) = 7 when |ul2 > R. We can easily conclude that the mapping Pr is continuous and 


bounded in L?(Q) space. Consider the problem 
Au—wu= f(x, Pr(u)) — Pr(u) = fr(a,u), 


where ulgqg = 0. Obviously, problem (P,) is equal to problem (P) when |u|g < R. From the 
lemma, we know that the Dirichlet problem Au— wu = h(x) has a unique solution $(h) for every 
h € L?(Q), where ulaq = 0. So seeking for solutions of the problem (P;) is equal to solving this 
fixed point problem 


u= So N,,(H), (5) 


where h € L?(Q) and Ny, is a Nemisky operator concerned with fr . Continuously applying 
the lemma and (3) we can prove that So Ny,is a completely continuous operator from L?(Q) 
to L?(Q) and So Ny, is bounded in L?(Q) space. Using Schauder fixed point theorem we know 
that u is a solution of problem (P,). If |ulg < R, then wu is a solution of the problem (P). Now 
we prove |u|2 < R with the reduction to absurdity. 

Suppose |u|z > R , then we have 


[ WwuPae = [caw wae 
; [-w? — f(x, Pr(u)) w+ 


2 
if (-w + =) dx <0, 
Q |ul2 


Ru? 
ula 


da. (6) 


Further, we have 


and 


Then 


[ jw? — f(z, Pr(u)) ut = dx <0. 


This contradicts the fact 
7 |Vul?dax > Ay\ul3 > A,R? > 0, 
Q 


Thus |ulz2 < R. The proof is complete. 
Conclusion. If we modify condition (4) of the theorem to f(z, u)-u > 0, where u € L?(Q) 
and |ulz = R, then the problem (P) has at least a solution such that |ul2 < R. 
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is a polynomial of degree n in x. 


, where Ti (a) is a first-kind Chebyshev polynomial, 


Keywords Chebyshev polynomials, Fejér Kernel. 


Here we consider the first-kind Chebyshev polynomials T,,,(a), « € [—1, 1], defined by [1-3], 


To(x) =1, T1(a) =a, To(x) = 2x? — 1, T3(x) = 42° — 3a, 











(1) 
Ta(x) = 824 — 827 +1, Ts(x) = 162° — 202° + 5a, -:- 
then, 
7) =1, wate =2(1+2), 
G-7) = (2e+1)?, Yat = 87(1 +2), (2) 
O-Ts) — 1624 + 1623 — 4x? — 4a + 1,-- 
that is, 
=~ 1—T,,(2 
Waa(2) = Vo n=1,2,--- (3) 


are polynomials of degree (n — 1) in «, in fact, (1) can be written [4] in terms of the Gauss 
hypergeometric function, 
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thus it is evident that [1 — T,,(x)] accepts to (1 — x) as factor, which is showed in (2). From 
(3) and (4) we can obtain the expression, 


n 


~ 2” n+r 
Wr_-1(2) =n (x — hae n=1, 2,--- (5) 
Day 2r 





where we have explicitly to Wm as a polynomial of degree m in x, 


Wo=1, Wi =2r4+2, Wo= 422 +4242, 


Ws; = 823 + 822, Ws = 16x* + 1623 — 42? — 4 +1,--> 





On the other hand, we know that [5], [6]: 
T;(cos 0) = cos(né), x = cos(@) (7) 


therefore, 





+2 
Ty, =1—2sin2(n$) = 1 —2sin?(2) 89) 


2 2 sin? (4) ’ 
(8) 
=1-(1-—cos0)2rnkK,, (0) =1-—(1—2)2rnkK,, 
F F 
being K,, the Fejér Kernel [4]-[8], 
F 
1 sin?(n4) 

BAO) =.——_43-3 =0,1,2,--- 9 
F @) 2nn sin?(S) . (9) 

of great importance in Fourier series. Then (3) and (8) imply the interesting relationship, 
Wn—1(@) = 27mK,, (0), x = cosd, (10) 

F 


that is, the Fejér Kernel generates to Wr which are new in the literature and that we name 
fifth-kind Chebyshev polynomials. 

In [2]-[9], we find the Chebyshev polynomials of fourth-kind, 

in(n + 5)0 
W,,(x) = ee =2nK,(0), 2 =cosd, (11) 
sin(5) D 
where appears the Dirichlet Kernel K,, [4]-[6], [8]. Thus (11) makes very natural the existence 
D 

of (10), and then each Kernel has its corresponding Chebyshev- like polynomials. 

We also have the Chebyshev polynomials of the second and third kinds [1], [2], [9], 


_ sin(n + 1)0 


ey V;(2) = cos(n + 5)0 


; = 12 
sind cos($) ( ) 
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however, it is important to note the fundamental character of our polynomials Wm because 
they generate the four kinds, 


Tm(2) =1+(t—1)Wm_-1(t), — W(t) = Wmn(2) — Wn—1(2), 


2(1 + 2)Um(2) (13) 


I 
= 
aa 

| 
= 
a 
& 


(1 + £)Vin(x) = 2+ (@ — 1)[Win (x) + Wn—1(2)]- 


In other work we will investigate themes as recurrence, generating function, interpolation 
properties, Rodrigues formula etc., for the Chebyshev polynomials W,, introduced in this paper. 
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§1. Introduction and Results 


Many results have been obtained on value distribution of random Dirichlet series, see [1]. 
Recently, Professor Sun proved that random Taylor series of finite order almost surely (a.s.) do 
not have deficient function in [2]. But for random Drirchlet series, the corresponding result has 
not been studied. In this paper, the problem on random Dirichlet series in the right-half plane 
will be discussed. 


Consider Drichlet series 


f(s) _ 2S ane, (s =&2+ it), (1) 
n=0 
where a, € C and 0 < Xp < Ay <-+ < An <-++ J +00, which satisfy the following conditions 
—— In |a,,| ——n 
lim —— = 0; lim ae D<-+o. (2) 


Then the abscissas of convergent and the abscissas of absolute convergent of series (1) are both 
zero. Thus f(s) defined by (1) is an analytic function in the right-half plane. 
Set 
M(a, f) =sup{|f(a+ it)|; —oo <t < +00}. 


Then the order of Dirichlet series (1) is defined as 





Suppose also that {(Q;, Aj, P;)} is a infinite sequence of probability space, {(Q = II Q;,A= 
j=0 
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II Aj, P= II P;)} is the product probability space. In this paper, we shall prove the following 
j=0 j=0 


theorem: 
Theorem. Suppose that random Dirichlet series 


tals) = S- yy Klee Or (3) 
n=0 
satisfies the condition (2) and the following conditions: 
1) 
lim (Andi — An) = A > 0; (4) 
2) 
a= de ay 
Il p € (1, +00). (5) 





n—ooln Ay, — In* In* |an| ~ 


3) In the probability space (Q, A, P) (w € Q),{X, = Xn(w)} is a sequence of non-degenerate, 


independent complex random variables of the same distribution and verifying 
0 < E(|X,(w)|?) = 07 < +00. 


Then the series (3) almost surely(a.s.) do not have deficient function. 


§2. Some lemmas 


In order to derive our main result, we need the following lemmas. 
Lemma 1.([2]) Under the above hypotheses on {X,,(w)}, we have 


1) Sdu,d € (0,1) such that Ve € C,7 € N, we have 





P;(|X;(w;) _ c| < 2u) <d< 1; 


2) Vw EQ (a. s.), IN = N(w) such that when n > N, we have|X,,(w)| <n; 





3) For all subsequence {n,} — 0, 


lim "{/|Xp,(w)|=1. a.s. 


poco 


Lemma 2. Suppose that series (1.1) satisfies (1.2), then 


—_——Int Int M(z, f) 
lim 7 
2—O0t In Pe 


& ii in” In* [an (0 < p < +00) 
= im =p. oe) 
OS 00 Indes ln” In |an| eg ‘“ 











Proof. By Theorem 3.3.1 of [1], we have 





——Int Int M(z, f) seer hin Ne | 
lim ————_——~ = p lim = 


x—0+ ln 4 noo = InAy 
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On the other hand, 














——_In* Int Ja, =—— Int In* Ja, 
an. a : ~ er Bo ie =p prem). 
Therefore 
Sm In* M(z, f) pee In* In* |a,,| = 
a—0+ In+ n—ooln A, —In* Int |ay| , 


and the proof is complete. 
Lemma 3.([1]) Suppose B is a horizontal half strip in {s; Res > 0} with width large than 








2 
a For the Dirichlet series given by (1), which satisfies the conditions (2) and (4), we have 
——Int Int M(x, f, B) 
lim 7 =), 
az—0+ In = 


x 


where M(a, f,B) = sup{|f(x + it)|:s = a+ it € B}. 
t 








Set bea 
z= H(s)= 7 (6) 
s= HH ()\= ae (7) 


It is well known that the linear fractional transformation (6) maps the right-half plane 
Res > 0 onto the open unit disk {z: |z] <1}, and maps the point s = 1 onto the origin z = 0. 
Its inverse transformation (7) maps {z : |z| < 1} onto the right-half plane Res > 0. 

Let 7 

92) = FH) = Doane), 
n=0 

Then g(z) is an analytic function in {z: |z| < 1}. 

Lemma 4. For g(z) = f(H71(z)) = y ane"), we have 


—— Int Int M(r,g) 
lim ——_—_,——“ = p, 
r>1- ln icp 


where p € (0, +00) is the order of f(s) defined by (1). 
Proof. Let 
B={s=a2+it:2>0,|t]<qq> *}. 
Without loss of generality, we suppose that x satisfies 0 < « < 1. Fix a € (0,1), since 


1l—7)24+ ¢ l—-aot 
VESeT TT 25 gages 





>1 (y— +00), then there is c > 0, such that 




















(1 ae)? eg l+o+y 
(l-2)+¢ Z l-@+¢ 4 
(l+a)?+q l+a+e-" 
l—x+e 
Let r= ieee Then 
rt+e 
1 1-— 
gi SEO e) andz—-0tT @Sr—ol-. 
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Set 
D(r) = {z:|z| <r}; B(x) ={s: Res > x, |t| < q}. 


For any s € B(x) — B(1), we have 
_|s—1)_ Jf — Res)? + #? zZ J(il-2)?+¢ 
~ |stl J+ Res)? +0 ~ J/14+2)?4+¢@ 


Thus z = H(s) maps B(x) — B(1) into a subset of D(r). Therefore 





|2| 





<Es 











B(x) — B(1) Cc H7\(D(r)). 
For z € D(r) , i. e. |z| <7, 


_l4+z2. (l+2)-2) _ 1-2iImz - |2/? 

















AZ) = = = 
(2) l-z |1 — z|? 1— 2Rez + |2|? 
Then 12? al 
1—|z 1—|z 1 x 
Reo *(2) = = 
@ 1—9Re2 +2? — 1+|e|~ 14 l+e 
Denote A(x) = {s: Res > x}. Then H~'(D(r)) C A): and 
B(x) — Bl) C H7*(D(r)) c AC fy (8) 
l+e 
So 
M(e, f,B) < M(r,9) <M(——f). <#<1) 
Thus nin M( 1) 
— ss nn M(, 
InIn M(a, f, B) Peat see 2m pike 
a—0+ —Inz r>1-—]n Gratin) poor lst in xe) 


Combining Lemma 3, we have 





InIn M(r, g) 
yp, 


and the proof is complete. 
Lemma 5.((5]) If g(z) is an analytic function in {z : |z| < 1}, then 








Inln M ——_InT Inln M 
fm le (r,9) ie (r,9) Ta = (r,9) 
rai ny; ral Ny; ral Ny; 


ate: 





According to Lemma 4 and Lemma 5, we have 


——InT 
p-l<p= tm Pt 9) 


< 
r>i- In ao 





1-r 


Lemma 6. For the Dirichlet series f;(s) = » ane >"®, fo(s) = S- b,e 4", (s = 2+it), 
n=0 n=0 
which satisfy the conditions (2), we have 


fils) = fo(s) San =bn (n=0,1,2,---), 
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where {an}, {bn} CC. 
Proof. We only need to prove the necessity. Let 


F(s) = fils) = fa(s) = YG _ bn je *n8 = S- Cpe rr’. (9) 
n=0 n=0 


By (2), for e« > 0, when n is sufficiently large, 
ele, [Pale 


Then |cn| < |an| + |bn| < 2e**. When c,, 4 0, 


Tm! <0, Tim, =D < too. 

By means of Valiron Formula, the abscissa of convergence and the abscissa of absolute 
convergence are equal to or smaller than zero, and the abscissa of uniformly convergence x, < 
0 < +00. 

If the coefficients of the series (9) are not all zero, then F'(s) converges absolutely on x > 0. 
The maximum item of F'(s) verifies m(x) > 0, ( >0> xy). By [1], M(x) > m(x) > 0, which 
contradicts F's) = 0, and the proof is complete. 


§3. Proof of the theorem 


By Lemma 1 and Lemma 2, we have that for any w = (wo,w1,w2,:--) € Q(a.s.), fu(s) 
defined by (3) is an analytic function of order p € (1,+00) in the half-plane. 





Set 
9 rms. Gln |Bnl —— Nn —— Inthn*|Z,| 
U(p) ={w= ne * : lim ——' =0, lm — =D< me: < ph, 
(p) = { dA e bua Are +oo ad, oin¥in* || pt 
= — _ -l(, 
9u(z) = betes *(z)) = S- AnXn(Wn)e et J (10) 


n=0 


y(z) = b(H~1(z)) and ®(p') = {yp = ¥(A1(z)); € U(p)}. Then Vw = (wo,w1,w2,---) € 
(a. s.), gu(z) is an analytic function in unit disc of order p’ € (0,00). ®(p’) is the set of all 
analytic functions in unit disc with the order smaller than p’ and complex numbers. 

We now prove that: If the function (10) satisfying the conditions (2), (4) and (5), then 
almost surely g.,(z) do not have deficient function, i. e. 


Péw: inf rm” =o) € @(p')| <1$=0 
, rol- T(r, gu) 7 ig 7 
Choose 6 € (0, 9/3) and A > 0. Let 


Int In* |B, 
"InA, — Int Int |6,| 








B(p', A) = {p = W(H-1(2)) : bE Wp — 36) <p—25n>A} (11) 
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Choose positive integer p. Let E = E(p,A,6) denote a set of w in probability space in 
which g..(z) has deficient function y € ®(p’, A) with deficient number larger than = Notice 
that = : 

UU U 4@,4,5) ca 
5>0 A=1 p=1 


is a set in which g,.,(z) has deficient function. Obviously, we only need to prove that Ve > 0, 
P(E(p,A,6)) <e. 
Since 





: In* Int Jua,| 
lim ae = 
n—>ooln A, — InT In™ |ua,| 





Pp; 
we can choose an increasing sequence of positive integer {n(t)}92, such that n(1) > A and 


In it |Uaney| 





> p-e. (12) 


Fa + 
In Any — In“ In™ |uan,,,| 


cS 


pe 
Choose N > a . Then (p+ 1)d% <e, where u,d are constance in Lemma 1. 
n 





Denote 


oll 


= [J &. 


j=0 j=n(N)+1 


For w* = (Whowyt1 WM n(w)429' 1) E Q, denote T = [(G*) as a set verifying: if 


w! = (wo, wh, as Wry) E Q, 
ta -1 nt) -1 
then function S- ik (aye 4. S- An Xp(wi ern) have deficient function 
n=n(N)+1 n=0 


1 
y € ®(p’, A) with deficient number larger than —. 
Pp 

We shall prove for p+ 2 elements, 


El 


(k) = (wo(k), w(K), > ,Wn(n)(k)) eV, k= Li Beep 2 


there is ky, ko € {1,2,---,p+2}, (ki # ke) such that for all j € {n(1),n(2),--- ,nUV)}, we 
have 


|X; (w;(k1)) — X;(w;(k2))| < Qu. 


Otherwise, there is p+ 2 functions 


°° n(N) 
gk (Zz) = > OnXn(wt)e ret *@) 4 S- An Xn (Wn (k))e rt, (k =1,2,--- ,p+2). 
n=n(N)+1 n=0 


They have deficient function 


vt =o Balkle FO € (pA), (k=1,2,---,p+2). 
n=0 
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[oe} 


Thus function g = ‘> OnXn(wt err *@) have at least p+ 2 deficient function: 
n=n(N)-+1 


n(N) 
Yr = yt _ b> On Xn (wn (kent), (k =1,2,--- ,p +2). 
n=0 


And for all k,l € {1,2,---,p+2}, (kK #1), there is 7 = j(k,1) € {n(1), n(2),--- ,n(N)} such 
that 
|X5(wy(k)) — Xj (w,(U))| 2 2u. 


Then |X,(w,(k))a; — X;(w;(1))a;| > 2ula;|. By (12), we have 
ula;| > exp{A7™ =}, 
By (11), 
p—26 p—26 
[Bj(k)| <exp{ry }, [8D < exp{Ap™™ }. 
Then — 
1Bi(%) — By (2)| < |8;(k)| + 1B; < 2exp{Ag™ }. 
Choose €: 0 < € < 26. Therefore 
p—26 
|8;(k) — Bj(1)| < 2expf{Ay™ } < 2ulaj| < |X; (ws (k))ay — Xj (w;(Y))ayl. 


By Lemma 6, y, # vy, i. e., the p+ 2 small functions above are different. But by 
Zhuang Qitai Theorem in [3], g has at most p+ 1 different small function. Thus we arrive at a 


contradiction. 
Let P = II P;. When P(T) =0, TC Q =9@. Or there are p + 1 elements 
j=l 
i(k) = (wo(k), w1(k), ae ,Wn(n)(k)) el, k= 1,2,---,p+1, 
such that for any other elements (if there is), @ = (wo,w1,--- ,Wniw)) € T', we have 


p+1 
DE (J{m: |Xj(w;(k)) — Xj(w,)| < 2u, 7 = n(1),n(2),--- ,m(N)}. 
k=1 


By its independence and Lemma 1, 


ptin(N) 


P(L) < S- II Pr{w, € 42D = (wo, w1,°+* Wary) € TH 
k=1 t=0 
ptl N 


=< ‘> II Pacey {Wnty © Qncey + |Xncey (Wnty ()) — Xn(z) (Wnty) < 2u} 
k=1t=1 
< (p+1)d" <e. (13) 
In other words, if w = (wo, wo,wo,:*:) = (@,@) € E = E(p, A, 5) CQ, then 


W = (wo, W1,W2,°°° ,Wn(N)) eT=T(). (14) 
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By Fubini-Levi Theorem, see [4], combining (13) and (14) , we have 


P(E) = Ede) = lim, ' / iP ae) 


= im fi f Pravsi(dencvys1) + Pn dem) f+ f LePo(deo) ++ Poca dena) 


jlim, f+ f Poca @encanan) ++ Pr(dim) f+ f ArPo(dion) +++ Pyavy(dlonce)) 


(p+ 1)d% slim, . - f Poca dency) +++ Pry (dwm) <€. 





IA 


IA 


Thus by f(s) = fu(H~1(z)), we can obtain the conclusion of Theorem, and the proof is 
completed. 
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Abstract For any positive integer n, the Pseudo-Smarandache-Squarefree function Zw(n) is 
defined as the smallest integer m such that m” is divisible by n. That is, Zw(n) = min{m : 
n|m", m € N }, where N denotes the set of all positive integers. The main purpose of 
this paper is using the elementary methods to study a limit problem related to the Pseudo- 


Smarandache-Squarefree function Zw(n), and give an interesting limit theorem. 


Keywords Pseudo-Smarandache-Squarefree function, mean value, limit. 


§1. Introduction and Results 


For any positive integer n, the Pseudo-Smarandache-Squarefree function Zw(n) is defined 
as the smallest integer m such that m” is divisible by n. That is, Zw(n) = min{m: nlm", m€ 
N }, where N denotes the set of all positive integers. For example, the first few values of 
Zw(n) are Zw(1) = 1, Zw(2) = 2, Zw(3) = 3, Zw(4) = 2, Zw(5) = 5, Zw(6) = 6, Zw(7) = 7, 
Zw(8) = 2, Zw(9) = 3, Zw(10) = 10, Zw(11) = 11, Zw(12) = 6, Zw(13) = 13, Zw(14) = 14, 
Zw(15) = 15, ---. Obviously, the Pseudo-Smarandache-Squarefree function Zw(n) has the 
following properties: 

(1) If p be a prime, then Zw(p) = p. 

(2) If m be a square-free number (mj1, and for any prime p, if p|m, then p? + m), then 

Zw(m) = 

(3) pi be any prime and k > 1, then we have Zw(p*) = p. 

(4) Zw(n) <n. 

(5) The function Zw(n) is multiplicative. That is, if (m, n) = 1, then Zw(mn) = 
Zw(m)Zw(n). 

(6) The function Zw(n) is not additive. That is, for some positive integers m and n, 
Zw(m+n) 4 Zw(m) + Zw(n). 

According to the above properties, the Zw(n) function is very similar to the Mobius func- 


tion: 
n if n is a square free number; 
Zw(n)=< 1 if and only if n = 1; 


Product of distinct prime factors of n if n is not a square-free number. 


94 Jianghua Li No. 3 





ee 
On the other hand, we can easily deduce that ) Fast is divergent . In fact for any prime 
w(n 
n=1 


1 1 
p, we have Zw(p) = p. So that 2d Fata) > Ear = +00. 
About the other elementary properties of Zw(n), some authors also had studied it, and 
obtained some interesting results, see references [1], [2], [5], [7] and [8]. Simultaneously, F. 


Russo [1] proposed some new problems, two of them as follows: 


| 
Problem 1: Evaluate limit II oe 
ay 2w(n) 





Zw(k 
Problem 2: Evaluate jim i ) where 6(k) = a In(Zw(n)). 
Co n<k 


The problem 1 had been solved by Machua Le [2]. But for the problem 2, it seems that none 
had studied it yet, at least we have not seen such a paper before. The problem is interesting, 
because it can help us to obtain some deeply properties of the Pseudo-Smarandache-Squarefree 
function Zw(n). The main purpose of this paper is using the elementary methods to study 
this problem, and give an interesting limit theorem for it. That is, we shall prove the following 
conclusion: 

Theorem. For any positive integer k > 1, let Zw(n) and 6@(k) are defined as the above, 
then we have the asymptotic formula 


Zwlk) Zw(k) _ 1 
Hk) S*n(Zw(n)) (ne): 


n<k 





From this theorem we may immediately deduce the following: 
Corollary. For any positive integer k, we have the limit 


Zw(k) 


oo 6a 





It is clear that our corollary solved the problem 2. 


§2. Proof of the theorem 


To complete the proof of the theorem, we need the following an important Lemma. 


Lemma. For any real number x > 1, we have the asymptotic formula 
6 
dH) = Gat 0 (v2), 
n<u 


where ju(n) denotes the Mobius function. 
Proof. For any real number xz > 1 and positive integer n, from the properties of the 
Mobius function u(r) ( See reference [3] ): 


ln(n)| = © (a), 


d?|n 
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and note that 


we have 


This proves our Lemma. 








Now, we shall use this Lemma to complete the proof our theorem. In fact note that for 


any square-free number n, Zw(n) =n, we have 


6(k) = 


IV 


IV 


So from Lemma and (1) we have 


0(k) 


IV 


IV 


S— In (Zw(n)) 


n<k 


Y la(n}] Inn 


n<k 


d= |a(n)| nV) 


Vik<n<k 


sik SD la(n) 


Vk<n<k 


snk (Hi 3 7) , 


nk n<Vk 


5 mk { Slam) — > a(n) 


n<k n<vVk 
1 6 
<Ink ( =k + O(Vk) 
2 nr? 


Sk nk + O(VE- Ink). 
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Note that Zw(n) <n, from (2) we may immediately deduce that 


Zw(k) k ( 1 ) 
0< < =O 
O(k) ~ 3k-Ink+O(Vk- Ink) Ink 





or 





This completes the proof of Theorem. 
The corollary follows from our theorem as —> oo. 
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Abstract For any positive integer n, the Pseudo-Smarandache function Z(n) is defined as the 


k(k +1) k(k +1) 
2 


smallest positive integer k such that n | . That is, Z(n) = min {i : i oe 


The main purpose of this paper is using the elementary methods to study the mean value 
p(n) 
Z(n) 
smallest prime divisor of n. 





properties of , and give a sharper asymptotic formula for it, where p(n) denotes the 


Keywords Pseudo-Smarandache function, mean value, asymptotic formula. 


§1. Introduction and Results 


For any positive integer n, the Pseudo-Smarandache function Z(n) is defined as the smallest 


k(k+1 k(k+1 
Alle tl). That is, Z(n) = min4k: njAAED 


N denotes the set of all positive integers. For example, the first few values of Z(n) are Z(1) = 1, 
Z(2) =3, Z(3) =2, Z(4) = 7, Z(5) =4, Z(6) =3, Z(7) = 6, Z(8) = 15, Z(9) = 8, Z(10) =4, 
Z(11) = 10, Z(12) = 8, Z(13) = 12, Z(14) = 7, Z(15) = 5, ---. About the elementary 
properties of Z(n), some authors had studied it, and obtained many valuable results. For 


positive integer k such that. n | ,neN \ where 


example, Richard Pinch [3] proved that for any given L > 0, there are infinitely many values 


of n such that 
Z(n+1) 


Z(n) > L. 


Simultaneously, Machua Le [4] proved that if n is an even perfect number, then n satisfies 


The main purpose of this paper is using the elementary methods to study the mean value 
p(n) 
Z(n) 
following conclusion: 


, and give a sharper asymptotic formula for it. That is, we shall prove the 





properties of 


Theorem. Let k be any fixed positive integer. Then for any real number x > 1, we have 


the asymptotic formula 





ye Rey +0(o4_), 
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where p(n) denotes the smallest prime divisor of n, and a; (i = 2, 3, --- ,k) are computable 
constants. 


§2. Proof of the theorem 


In order to complete the proof of the theorem, we need the following several useful lemmas. 
Lemma 1. For any prime p > 3, we have identity Z(p) = p—1. 

Proof. See reference [5]. 
Lemma 2. For any prime p > 3 and any k € N, we have Z (p*) =p" —1. 
Proof. See reference [5]. 


Lemma 3. For any positive n, Z(n) > ./n. 











Proof. See reference [3]. 


Now, we shall use these lemmas to complete the proof of our theorem. We separate all 
integer n in the interval [1,2] into four subsets A, B, C' and D as follows: 


A: O(n) = 0, this time n = 1; 

B: Q(n) = 1, then n = p, a prime; 

C: Q(n) = 2, then n = p? or n = pipe, where p; (i = 1, 2) are two different primes with 
Pi < P23 

D: Q(n) > 3. This time, p(n) < n3, where Q(n) = Q (pit ps? +++ p%) =ar+tagt-::+as. 
In fact in this case, we have p3(n) < p(n) <n and thus p(n) < n3. 


Let p(n) denotes the smallest prime divisor of n, then we have p(1) = 0, Z(1) = 1 and 
YR <0, 
neA (n) 


So we have 








p(n) _ p(n) | p(n) | p(n) 
D> Fin) = 24 Bn) * 2s Zn) * 2 Bin)’ 0) 


From Lemma 1 we know that if n € B, then we have Z(2) = 3 and Z(p) = p—1 with 
p > 2. Therefore, by the Abel’s summation formula (See Theorem 4.2 of [8]) and the Prime 
Theorem (See Theorem 3.2 of [9]): 





ay: x x 
= —+0O ‘ 
ae) Ds ‘¢ (=a) 


maa In 


where k be any fixed positive integer, a; (i = 1, 2, ..., k) are computable constants and a; = 1. 
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We have 
> p(n) = B28 G y p 
“3, 2(n) “a, Zp) 3 Axi Z() 
p23 
= — +0(1) 
pXau P 
= 1+ >= aq 
psx nei 
xc Baye © 
= — 4 2 
Inz Da ike aah @) 
where a; (i = 2, 3, --- , &) are computable constants. 


Now we estimate the error terms in set D. From the definition of Q(n) we know that 
p(n) <n3 ifn € D. From Lemma 3 we know that ak > Jn, so we have the estimate 


a <u 2 af, (3) 


Finally, we estimate the error terms in set C. For any integer n € C, we have n = p? or 


n = pip2. If n = p?, then from Lemma 2 we have 


2 
Se 7 ZH te po Xin. (4) 


p?<a p?<a 





k(k +1) 


If n = pipo, let Z (pyp2) = k, then from the definition of Z(n) we have p pz | 5 


If pipe | k, then 


S- ciel + < - S- Pi < Je-Ininz. (5) 


1 
pip2<x piSV@ Pi<p2spr Pipe 
Z(pip2)=k, pipalk 


If pip2 | k +1, then we also have the same estimate as in (5). 
If p, |k+1 and po |k, let k = tp; — 1, where t € N, then we have 


Pp (pip2) <»S ; ai Jz: InIng < Vx InInz. (6) 
Z(pip2) ~ ie ace Pl 


If p; | k and pe | k +1, then we can also obtain the same estimate as in (6). 
From (4), (5) and (6) we have the estimate 





Pip2<z 


y Beh «vee InIng. (7) 


nec 
Combining (1), (2), (3) and (7) we may ae. deduce the a formula 


Be Pio a P35 De 


k 
x a,x x 
= “+0 ‘ 
Ina 2, (ar; 


In’ x 
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where a; (¢ = 2, 3, --- ,k) are computable constants. 
This completes the proof of Theorem. 


Some notes: 


For any real number x > 1, whether there exist an asymptotic formula for the mean values 


P(n) Z(n) 
Dog Daa) 


n<a n<a 


are two open problems, where P(n) denotes the largest prime divisor of n. 
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Abstract The problem of solving BBM equation can be converted into a nonlinear algebra 
equations by supposing its exact solution form. In this paper, applying above method, a class 


of exact solution to BBM equation is obtained. 


Keywords BBM equation, traveling wave solution, exact solution. 


§1. Introduction 


BBM equation 
Ut + Up + UWUe + Pure = 0 (1) 


is a mathematical model presented in studying the long wavelength problem of Hydrodynamic 
in 1970’s by Benjamin-Bona-Mahong, Where P(P < 0) is dispersion coefficient,and it is more 
exact than KdV equations [1]. Recently, a lot of exact solutions of equation (1) are obtained 
by homogeneous balance method [2], trigonometric function method [3] and so on, where some 
solutions are the form of polynomial with the function of tangent, cotangent, tanh, coth etc. 
For the exact solitary wave solution of many non-linear mathematical equations of physics with 
rational fraction form of hyperbolic function, so we want to get the exact solution of equations 


(1) in this way. 


§2. Introduction of Method 


Let 
u(a,t) = u(€) = u(a + Ct) (2) 
be a traveling wave solution of the equation 
F(u, Ut, Ua, Ura,***) = 9, (3) 


where C is undetermined coefficient of wave velocity. Substitute (3) into (2), we obtain the 
following ordinary differential equation with independent variable € 


Gluyuju",-) =0, (4) 
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Let 





u(€) _ Gam (at)"™ ve re) lam cee a e 
bag (E28) Se bag 4 (6% JP? a ee bg 











be the solution of equation(4), where m is obtained by homogeneous balance method and 
a;,b;(¢ = 0,1,-+- ,2m) is undetermined coefficients. Substitute (5) into (4) and set the co- 
efficient of e*§ is zero for any power, then we can obtain a nonlinear algebra equations with 
undetermined coefficients a;,b;(¢ =0,1,--- ,2m),a,C. The equations can be solved by Mathe- 
matica or Maple software. And then the exact solution of equation (2) can be obtained through 
back substituting the solution of the equations into (5) and setting € = «+ Ct. 


§3. The exact solution of the BBM equation 


Assume equation (1) has a traveling wave solution of the form (3). Substitute (3) into (2), 
we get 
1 aw 
(1+ C)u(g) + 5u°(€) + Pu (€) =0. (6) 
If the solution of equation (6) has the form of (5), then we can obtain m = 1 by the method of 


homogeneous balance. So let 


a(e%)? + b(e%) +e 
Fle )P+ glow) Fh ” 








u(g) = 








where a,b,c,g,h,a@ are undetermined coefficients. Substitute (7) into (6) and set the coeffi- 
cient of eS is zero for any power, we obtain the following nonlinear algebra equations with 
undetermined coefficients a, b,c, g,h,a,P,C. 


3ch? + 2Cch? = 0, 

ICaf? + 3af? = 0, 

3bh? + 2Cbh? — 2PCa?chg + 2PCa7bh? + 6cph + 4Ccgh = 0, 

6cfh — 2PCacg? + 6bgh + 8PCa*ah? + 4Cbgh — 8PCa’cfh 

ACcfh + 3ah? + 2Ccg? = 0, 

6cfg + 4Cbgh + 6bgh + 6PCa?agh + 4Cagh + bagh — 12PCca*bfh 

AC cf g + 3bg? + 6PCa’cfg + 2Cbg? = 0, 

ACafh — 8PCa?afh+2PCa7agq’ + 6bfg + 2Ccf? + 3ag? + 2Cag? 

+6agh + 4Cbfg — 2PCa*bfg + 3cf? + 8PCa*cf? = 0, 

4Cafg + 6afg + 2Pca*bf? + 3bf? + 2Cbf? — 2PCa? = 0. (8) 


























By mathematical software of Maple we obtain the following nine kinds solutions of equa- 
tions (8). 
3+2C 
Case 1: a=b=g=h=0,C=C f=f,c=ca=a,P=- = 


8Ca2 
3+2C 


~ 2Ca2 * 




















Case 2: a=c=g=h=0,a=a,C=C,b=b,f=f,P 
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3+4+2C 
et eohteswe=O Fe oen 2 cas 
g 2Ca? 
b 3 
Case 4: c=h=0,a=a,f=f,g=9,P=P,b=b,a of —3 
3+2C 
Case 55: b= f=h=0,f=f,g=9,a=4,C=c,a a ; aa 
ee eee eee ee ee er oe ene we nem ce 
345g 
; _ 99 
Case 7: c= f =0,b=b,g=g9,h=h,C=C,a=a,P Con t= he: 
Case 8: P=0,a=a,b=b,c=cf=f,g=g,h=ha=a,C 35 
3 
Case 9: P= P.c=cf=fig=g,h=ha=a,C ,a aly = 











Substituting those solutions into (7) and setting € = «+ Ct, we can get the exact solution 
of equation (1). 
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Abstract For any positive integer n, let n = p{'ps?---p$* be the factorization of n into 
prime power, the famous F.Smarandache LCM function S'L(n) is defined as SL(n) = min{k : 
keEN, n| [l, 2, +--+, k]} = max{ptt, pS?,--- ,p$*}, where N denotes the set of all positive 
integers. The main purpose of this paper is using the elementary method to study the solu- 
tions of an equation involving the two Smarandache LCM dual functions, and give the exact 


expression of the solutions for this equation. 


Keywords Smarandache LCM function, dual function, equation, solutions. 


81. Introduction and result 


For any positive integer n, the famous F.Smarandache LCM function SL(n) is defined as 
the smallest positive integer k such that n | [1, 2, ---, kJ], where [1, 2, ---, k] denotes the 


least common multiple of all positive integers from 1 to k. That is, 
SL(n)=min{k: ke N, n|[1, 2, ---, A}. 


The first few value of Smarandache LCM function SL(n) are SZ(1) = 1, SL(2) = 2, SL(3) = 3, 
SL(4) = 4, SL(5) = 5, SL(6) = 3, SL(7) = 7, SL(8) = 8, SL(9) = 9, SL(10) = 5, SL(11) = 11, 
SL(12) = 4, SL(13) = 18, SL(14) = 7, SL(15) = 5, SL(16) = 16, SL(17) = 17, SL(18) = 9, 
SL(20) = 5, ---. About the elementary properties of SZ(n), many people had studied it, and 
obtained some interesting results, see references [1], [2], [3], [4] and [5]. For example, Murthy [2] 
proved that if n is a prime, then SL(n) = S(n), where S(n) = min{m: n|m!, m € N} denotes 
the F.Smarandache function. In fact for any positive integer n > 1, let n = pf'p5?---p% be 
the factorization of n into prime power, then from [2] we know that 


SL(n) = max{p{',p2?,-++ , pS*}- 
Simultaneously, Murthy [2] also proposed the following problem: 
SL(n) = S(n), S(n) An? (1) 


Le Machua [3] solved this problem completely, and proved the following conclusion: 
Every positive integer n satisfying (1) can be expressed as 


1 2 


n=12 or n=pj'ps?-:- pep, 
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where pi, p2, °--, Pr; p are distinct primes and aj, a2, ---, @, are positive integers satisfying 
p>p,i=1, 2, vey rT. 
In [6], we define the Smarandache LCM dual function SL*(n) as follows: 


SL*(n) = max{k: ke N, [1, 2, ---, &] | n}. 


It is easy to calculate that SL*(1) = 1, SL*(2) = 2, SL*(3) = 1, SL*(4) = 2, SL*(5) = 1, 
SL*(6) = 3, SL*(7) = 1, SL*(8) = 2, SL*(9) = 1, SL*(10) = 2, ---. Obviously, if n is an odd 
number, then SL*(n) = 1. If n is an even number, then SL*(n) > 2. We also study the mean 
value distribution property of SZ*(n) and give a sharper asymptotic formula for it, namely for 
any real number x > 1, 

S- SL*(n) =c-x+O(In’ 2), 

n<u 
where c = 2 ye aa is a constant. 

In [7], Yanrong Xue defined another Smarandache LCM dual function SZ(n) as follows: 

SL(1) =1, and if n = p{'p$? ---p%” be the factorization of n into prime power, then 





SL(n) — min{p?*, D9”, seaaeaes | oo}, 


where p; < po < ++: <p, are primes. She solved a conjecture involving function SL(n) which 





— is an positive integer. 
~3E(n) P 


Both SL*(n) and SLZ(n) are called the Smarandache LCM dual function of SL(n). But 
about the relationship between this two dual functions, it seems that none had studied it yet, 


is to say that there is no any positive integer n > 1 such that ¥ 
| 


at. least we have not seen such a paper before. Obviously if n 4 1 is an odd number, then 
SL*(n) = 1 and SL(n) > 1, so for any odd number n 4 1, SL*(n) < SL(n). But if n = 6m 
with 2} m,3}m, then SL*(n) > 3, SL(n) = 2, so there exists infinite positive integers n such 
that SL*(n) > SL(n). It is natural to ask whether there exist positive integer n satisfying the 


equation: 
SL*(n) = SL(n). (2) 


In this paper, we use the elementary method to study this problem, and give an exact 
expression of the solutions for the equation (2). That is, we shall prove the following 
Theorem. Every positive integer n satisfying (2) can be expressed as 


n=1 or n=(Fn-1) II pr) po po? ve per, 
2<p<Fm 


where F;,, be a Fermat prime, r > 0 be any integer; a(p) are positive integers such that 
pt?) > Fn, 2<p<Fmi pi > Fm, % >0, i=1, 2,---, 7. 


§2. Some useful lemmas 


To complete the proof of the theorem, we need the following several lemmas. 
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Lemma 1. For any positive integer n, there exist a prime p and a positive integer a such 

that the identity 
SL*(n) = p* —1. 

Proof. See reference [3]. 

Lemma 2. If 2' + 1 is prime, then / is a power of 2. 

Proof. See reference [5]. 

Lemma 3. For any prime qg and odd prime p, if py — 1 = q® for any given integers 
a>1, 6>1, then gq =2 and p bea Fermat prime. Namely, there exists a integer m such that 
p= 2?" +1. 

Proof. Because p is an odd prime, so q? = p® — 1 is an even number, hence q = 2. 
Consequently p* — 1 = 2°, that is p* = 2° +1. Assume that p—1 = 2't, where 2 + t, then 
p= 2'¢+1, so 


PaO Fi S=Co tec £082)" =?" +1, 


hence 

Cult+ ++» + C2(2't)® = 2°. 
Since t divide every term of the left side, so t divide the term of the right, namely t | 2°, but 
t is an odd number, hence t = 1. That is to say p = 2' +1, from Lemma 2, there exists an 
integer m such that p = 2?” +1. This completes the proof of Lemma 3. 


§3. Proof of the theorem 


In this section, we shall complete the proof of the theorem. It is easy versify n = 1 isa 
solution of the equation (2). 

(A). If n be an odd number larger than 1. 

From the definition of SL*(n) and SL(n) we have SL*(n) = 1, but SL(n) > 1. Hence 
SL*(n) < SL(n). 

(B). If n be an even number. 

Assume that n = 27-s, where s is an odd number. From Lemma 1, there exists a prime p 
and a positive integer a such that SL*(n) = p* —1. Assume that SZ(n) = ¢°. 

(i) If p = 2, then SL*(n) = 2*—1. This time, we have 2*—1 = q°, then from the definition 
of SL*(n) we deduce that 2* — 1 | n, at the same time, from the definition of SZ(n) we also 
have 2 — 1 < 27, so 2% < 27, but 27 | n, which implies 2° | n, so SL*(n) > 2%. This is a 
contradiction. 

(ii) If p > 3. Assume that p* — 1 = q®, from Lemma 3 we have p = Fy, = 2?” +1, a 
Fermat prime. Next we will show that a = 1. 

If a > 2, then p*—! < p® —1. For one hand, from the definition of SZ*(n) and SL*(n) = 
p* — 1 we have p* —1 | n, so p*~! | n, on the other hand, from the definition of SZ(n) we have 
SL(n) < p*! < p*—1= SL*(n), this is a contradiction. Hence a = 1. Consequently every 
positive even integer n satisfying (2) can be expressed as 


n=(Fa-1) [[ 2° peg ---pe, 
2<p<Fin 
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where F;,, be a Fermat prime, r > 0 be any integer; a(p) are positive integers such that 
p*”) > Fy, 2<p< Fmipi> Fm, um >0, i=1, 2, -+-, 6. 
Associating (A) and (B), we complete the proof of Theorem. 
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Abstract For any positive integer n, the Smarandache prime additive complement function 
SPAC(n) is defined as the smallest integer & > 0 such that n+k is a prime. The main 
purpose of this paper is using the elementary method to prove that it is possible to have k as 
large as we want k, k—1, k—2, --- , 2, 1, 0 included in the sequence {SPAC(n)}. 
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§1. Introduction and Results 


For any positive integer n, the famous Smarandache prime additive complement function 
SPAC(n) is defined as the smallest integer k > 0 such that n +k is a prime. The first few 


value of this sequence are: 
1, 0, 0, 1, 0, 1, 0, 3, 2, 1, 0, 1, 0, 3, 2, 1, 0, 1, 0, 3, 2, 1, 0, 5, 4, 3, 2, 1, 0,---. 


In the book “Only problems, not solutions”, Professor F.Smarandache asked us to study 
the properties of the sequence {SPAC(n)}. He also proposed the following problem: 
Problem A. If it is possible to have k as large as we want 


k, k—-1, k—2, k—3, ---, 2, 1, 0 (odd k) 


included in the sequence {SPAC(n)}.In reference [6], Kenichiro Kashihara proposed another 
problem as follows: 
Problem B. Is it possible to have k& as large as we want 


k, k—-1, k-2, k—3, ---, 2, 1, O(evenk) 


included in this sequence. 

About these two problems, it seems that none had studied them yet, at least we have not 
seen such a paper before. The problems are important and interesting, because there are close 
relationship between the sequence {SPAC(n)} and the prime distribution. The main purpose 
of this paper is using the elementary method to study these two problems, and proved that 
they are true. That is, we shall prove the following: 

Theorem. It is possible to have the positive integer k as large as we want 


ost RHO: Ba 3, ooh 2150 


included in the sequence {SPAC(n)}. 
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§2. Proof of the theorem 


In this section, we shall prove our theorem directly. Let k and n are positive integers with 
n>k+1, here k as large as we want. Let P be the smallest prime such that P > n!+n. It is 
clear that P—1, P—2,---, P—k,---,n!+n,---,n!+2 are all composite numbers. Now we 
consider k + 1 positive integers: 





Pp k, p k+1, p k+2, +++, p—1, p. 
The Smarandache prime additive complements of these numbers are 
SPAC(p—k) =k, SPAC(p—k—1)=k-1,---, SPAC(p—1)=1, SPAC(p) = 0. 


Note that the numbers k, k—1, k—2, --- , 1, 0 are included in the sequence {SPAC(n)}. So 
the Problem A and Problem B are true. 
This completes the proof of the theorem. 
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Abstract For any positive integer n, the famous F.Smarandache function S(n) is defined as 
the smallest positive integer m such that n|m!. That is, S(n) = min{m: m€ N, n|ml}. 
The main purpose of this paper is to introduce some new unsolved problems involving the 
Smarandache function and the related functions. 
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§1. Introduction and Results 


For any positive integer n, the famous F.Smarandache function S(n) is defined as the 
smallest positive integer m such that n|m!. That is, S(n) = min{m: me N, n|m!}. About the 
properties of S(n), there are many people had studied it, and obtained a series conclusions, see 
references [1], [2], [3] and [4]. Here we introduce two unsolved problems about the Smarandache 


function, they are: 


1 
Problem 1. Ifn > 1 and nF 8, then S- 5a) is not a positive integer, where S- denotes 
dln d\n 


the summation over all positive divisors of n. 


Problem 2. Find all positive integer solutions of the equation x S(d) = d(n), where 
dln 
@(n) is the Euler function. 
For any positive integer n, the F.Smarandache LCM function SL(n) is defined as the 


smallest positive integer k such that n|[1, 2, ---, k], where [1, 2, ---, k] is the smallest 
common multiple of 1, 2, --- , k. About this function, there are three unsolved problems as 
follows: 1 

Problem 3. If n > 1 and n ¥ 36, then os SL(d) is not a positive integer. 


Problem 4. Find all positive integer solutions of the equation as SL(d) = &(n). 
d|n 
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Problem 5. Study the mean value properties of In SL(n), and give an asymptotic formula 


for 5” In(SL(n)). 


n<u 
For any positive integer n > 1, let n = p{'p5?---pi* denotes the factorization of n into 


prime power, we define function $(n) = max{a1p1, Q2p2,°+- , app}, and S(1) =1. There are 
two unsolved problems about this function as follows: 


1 
Problem 6. If n > 1 and n ¥ 24, then Sr 5d) is not a positive integer. 
d\n 


Problem 7. Find all positive integer solutions of the equation S- S(d) = (n). 
d|n 
For any positive integer n, the dual function S*(n) of the Smarandache function is defined 
as the largest positive integer m such that m!|n. That is, S*(n) = max{m: m€ N, m!|n}. 
About this function, there are two unsolved problems as follows: 
Problem 8. Find all positive integer solutions of the equation S- S*(d) = &(n). 
d|n 
Problem 9. Study the calculating problem of the product Il S*(d), and give an exact 


dln 
calculating formula for it. 


For any positive integer n, the Pseudo-F.Smarandache function Z(n) is defined as the 
largest positive integer m such that (1+2+3+---+m)|n. That is, Z(n) = max{m: me 
N, mam) |} For this function, there is an unsolved problem as follows: 

Problem 10. Study the mean value properties of Z(n) , and give an asymptotic formula 


for ye Z(n). 


n<u 
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